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ABSTRACT:An analytical solution for natural heat transfer in a cavity filled with air between two concentric cylinders 
with half insulated cavity and low Rayleigh number presented in the present work. Solution based on Perturbation 
method with two terms for both temperature and streamlines values. Variables taken in present work are; radii ratio, 
temperature difference between inner and outer tubes, and changing tilt angles. Solution of present work shows a good 
agreement with numerical solution of a near problem. Validity of solution led to show more results. Nusselt number 
show to increase as tilt angle increased, while local Nusselt number varies according to velocity pattern and 
temperature distribution. 
 
KEYWORDS:Natural convection, low Rayleigh number, concentric cylinders. 
 

Nomenclatures 
Symbol Definition Units 

a Coefficients used in the solution - 
e Coefficients used in the solution - 
g Gravitational acceleration Kg/m2 

p Pressure N/m2 

Pr Prandtl number - 
r' Dimentional radius notatio m 
r Non-dimentional radius notation - 
R Outer to inner radii ratio - 
Ra Rayleigh number - 
T Temperature oK 
u Fluid velocity componet m/s 
v Fluid velocity component m/s 

Greek symbols 
 ܭ/ݏܬ Fluid heat capacity ߙ
 Angular coordinate rad ߠ
 Fluid density ݇݃/݉ଷ ߩ
߮ Tilt angle of insulation rad 
߰ Stream function ݉ଶ/ݏ 
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I. INTRODUCTION 

    Natural convection is one of the important and common heat transfer modes in nature. No temperature difference 
between any surface and a fluid, does not contain a natural convection process even with presence of forced convection. 
For this reason, natural convection took a great attention from researchers and for its practical applications. One of the 
most important cases is natural convection inside an enclosure. This enclosure may take a form of rectangular [1, 2, 3, 
and 4], or between two eccentric cylinders [5, 6, 7, 8, 9, and10]. Convection may occur between two eccentric tubes 
with different cross sections [11, and13]. For all these cases, governing forces of buoyancy to dissipation of heat energy, 
as a ratio called Rayleigh number. As Reynolds number the most important parameter in forced convection, Rayleigh 
number is the parameter for natural convection. Ranges decides process and solution for natural convection. Rayleigh 
numbers may be small [5, 6, 10, and 12], medium [10], or great [1, 2, 3, 4, and 11]. For each range, a different solution 
procedure used according to mathematical and physical demands. 

   In present work, natural convection heat transfer between two concentric half insulated cylinders is studied. The 
reason behind solving such problem is due to wide application of the problem especially in reduction of heat loss from 
receiver tube in cylindrical trough collectors. When the gap between receiver and covering tube lost its vacuum status, 
natural convection plays the main role in loosing heat from receiver to glass cover then to ambient. The problem 
studied numerically by [5]. Perturbation method used here in order to distinguish the solution (solution divided into 
number of solutions connected by Rayleigh number raised to certain power), because of low Rayleigh number of 
problem.  Method used in [6] for water at the range of (0-4 oC), and in [12] where air filled the space. Solution of 
present work should differ from [12], since symmetry of the problem is just a single case here. To authors' knowledge, 
no analytical solution demonstrated for present case. The problem shown in figure 1 below to demonstrate most 
important nomenclatures. 

 

FIGURE 1 PROBLEM OF PRESENT WORK. 
 

II. DIFFERENTIAL EQUATIONS 
 

       In present work, formulation of solution started with the differential equations. In each fluid flow in cylindrical 
coordinates, continuity equation, equation (1),  along with momntum equations in r, equation (2),  and θ axes, equation 
(3), as shown below used to fomulate the problem: 
ଵ
௥
డ
డ௥ᇱ

(ݑ′ݎ) + ଵ
௥ᇱ

డ
డఏ

(ݒ) = 0     (1) 

ߩ ቀݑ డ௨
డ௥ᇱ

+ ௩
௥ᇱ
డ௨
డఏ
− ௩మ

௥ᇱ
ቁ = − డ௉

డ௥ᇱ
+ ௥݃ߩ + ߤ ቂ൬ଵ

௥ᇱ
ቀݎ′ డ௨

డ௥
ቁ൰ − ௨

௥ᇱమ
+ ଵ

௥ᇱమ
డమ௨
డఏమ

− ଶ
௥ᇱమ

డ௩
డఏ
ቃ (2) 
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ߩ ቀݑ డ௩
డ௥ᇱ

+ ௩
௥ᇱ
డ௩
డఏ
− ௨௩

௥ᇱ
ቁ = − ଵ

௥ᇱ
డ௉
డఏ

+ ఏ݃ߩ + ߤ ቂ൬ଵ
௥ᇱ
ቀݎ′ డ௩

డ௥ᇱ
ቁ൰ − ௩

௥ᇱమ
+ ଵ

௥ᇱమ
డమ௩
డఏమ

− ଶ
௥ᇱమ

డ௨
డఏ
ቃ(3) 

Heat transfer equation, also used in the formulation as below: 
∇ଶܶ = ଵ

௥ᇱ
ቀడ்
డ௥ᇱ
ݑ′ݎ − డ்

డఏ
 ቁ   (4)ݒ

In order to combine  (u) and (v) velocity components in one variable ψ (stream function), to simplify the solution by 
using following difinitions: 
ݑ = − ଵ

௥ᇱ
డట
డఏ

   (5) 

ݒ = డట
డ௥ᇱ

               (6) 
 after partial differentiate equation (2) with respect to θ, and equation (3) with respet to r, just to eleimenate pressure 
gradient in the domain. A four degree differential equation obtained: 
∇ସ߰ = ଵ

௉௥
ଵ
௥
ቀడట
డఏ

డ∇మట
డ௥

− డట
డ௥

డ∇మట
డఏ

ቁ + ܴܽ ቀ௖௢௦ఏ
௥

డ்
డఏ

+ ߠ݊݅ݏ డ்
డ௥
ቁ     (7) 

And heat transfer equation become: 
∇ଶܶ = ଵ

௥
ቀడట 
డఏ

డ்
డ௥
− డట

డ௥
డ்
డఏ
ቁ      (8) 

Where: 
∇ଶ= డమ

డ௥మ
+ ଵ

௥
డ
డ௥

+ ଵ
௥మ

డమ

డఏమ
      (9) 

It should be noted that above equations are nondimentioalized by using the following definitions: 
1- ܶ = ்(௥.ఏ)ି ೚்

்೔ି ೚்
          (10) 

ݎ -2 = ௥ᇱ
௥೔

       (11) 

3- ܴ = ௥೚
௥೔

    (12) 

4- ܴܽ = ௚ఉ௥೔
య(்೔ି ೚்)మ

ఔఈ
  (13) 

ݎܲ -5 = ఔ
ఈ
  (14) 

The boundary conditions of the problem is as follow: 
1- ܶ(1. (ߠ = 1           (15) 
(ߠ.ܴ)ܶ -2 = 0 (16) 
3- డ்

డఏ
= ߠ ݐܽ  0 = ߠ ݀݊ܽ.߮ = ߮ +  (17) ߨ

(ߠ.ݎ)߰ -4 = డట
డ௥

= డట
డఏ

= ݎ ݐܽ  0 = 1. ݎ = ߠ.ܴ = ߮. ߠ ݀݊ܽ = ߮ +  (18) ߨ

In equation (7), the left side is the effect of viscous stresses, while the bouyancy effect is represented by the first term in 
the right side of equation (7). The convection acceleration is represented by the second term of the right side. In 
equation (8), the left side is the conduction heat transfer, while the right side is the convection heat transfer. 
The boundary conditions assure that there is no flow across the boundaries, while the inner and outer tubes maintain at 
uniform constant temperatures. The insulation works to prevent heat transfer in the angular direction across a half circle. 
 

III. PERTURBATION SOLUTION 
 

In order to solve both differential equations 7 and 8, a power series solution is adopted. The power series selected here 
based on the Rayleigh number, where for small ranges of that number it is suitable to use such series [5, and 6]. Since 
present work focousing on natural heat transfer between two concentric cylinders with the space filed with air, 
Rayleigh number for the conditions of pesent work should satisfies low Rayleugh number. Solution for both differential 
equations 7 and 8 can be show as follows: 
(ߠ.ݎ)ܶ = ܶ̀ଵ + ܴܽ ଶܶ       (19) 
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(ߠ.ݎ)߰ = ܴܽ߰ଵ + ܴܽଶ߰ଶ     (20) 
Note that only two terms of series are taken for simplicity, and that higher terms have less effects due to very small 
coefficients related to equations of temperature and stream functions. Substitution of equations 19 and 20 in differential 
equations 7 and 8, and due to rearranging and sorting equations, the following differential equations resulted: 
∇ଶ ଵܶ = 0   (21) 
∇ସ ଵ߰ = ߠ݊݅ݏ డ భ்

డ௥
+ ௖௢௦ఏ

௥
డ భ்
డఏ

       (22) 

∇ଶ ଶܶ = ଵ
௥
ቀడ భ்
డ௥

డటభ
డఏ

− డ భ்
డఏ

డటభ
డ௥
ቁ  (23) 

∇ସ߰ଶ = ߠ݊݅ݏ డ మ்
డ௥

+ ௖௢௦ఏ
௥

డ మ்
డఏ

+ ଵ
௉௥

ଵ
௥
ቀడ∇

మటభభ
డ௥

డటభ
డఏ

− డ∇మటభ
డఏ

డటభ
డ௥
ቁ   (24) 

The boundary conditions are: 
ଵܶ = ݎ   ݐܽ     1 = 1   (25) 
ଵܶ = ݎ   ݐܽ     0 = ܴ       (26) 
ଶܶ = ݎ   ݐܽ     0 = 1  (27) 
ଵܶ = ݎ   ݐܽ     0 = ܴ     (28) 
ଵ߰ = ߰ଶ = డటభ

డ௥
= డటమ

డ௥
= డటభ

డఏ
= డటమ

డఏ
= ݎ ݐܽ     0 = ݎ ݀݊ܽ   1 = ܴ  (29) 

ଵ߰ = ߰ଶ = డటభ
డ௥

= డటమ
డ௥

= డటభ
డఏ

= డటమ
డఏ

= ߠ ݐܽ     0 = ߠ ݀݊ܽ   ߮ = ߮ +  (30) ߨ
 

IV. THE SOLUTION 
 
Differential equations (21 to 24), subjected to boundary conditions (25 to 30) are solved respectively as shown below: 

ଵܶ(ݎ. (ߠ = ቀܽଵݎ −
௔మ
௥
ቁ cos (ߠ − ߮)    (31) 

ଵ߰(ݎ. (ߠ = (ܽଷݎହ + ܽସݎଷ + ܽହݎଶ + ܽ଺ݎ + ܽ଻ݎଶ݈݊ݎ + ଼ܽ)sin (ߠ −  (32) (ߨ

ଶܶ(ߠ.ݎ) = ቄቂܽଽݎ଺ + ܽଵ଴ݎହ + ܽଵଵݎଷ + ܽଵଶݎଶ + ܽଵଷݎ+ ܽଵସݎଷ݈݊ݎ+ ܽଵହݎ݈݊ݎ+ ௔భల
௥మ

+ ௔భళ
௥
ቃ ߠ)ଶݏ݋ܿ − ߮)− ቂܽଵ଼ݎ଺ + ܽଵଽݎହ + ܽଶ଴ݎସ +

ܽଶଵݎଷ + ܽଶଶݎଶ + ܽଶଷݎ+ ܽଶସݎଷ݈݊ݎ+ ܽଶହݎ݈݊ݎ+ ௔మల
௥మ
ቃ ߠ)ଶ݊݅ݏ − ߮) + ܽଶ଻݈݊ݎ+ ܽଶ଼ቅܿߠ)2ݏ݋ − ߮)(33) 

߰ଶ(ߠ.ݎ) =

ቄ[ܽଶଽݎ଻ + ܽଷ଴ݎହ + ܽଷଵݎସ + ܽଷଶݎଷ + ܽଷଷݎଶ + ܽଷସݎସ݈݊ݎ + ܽଷହݎଶ݈݊ݎ + ܽଷ଺ݎ + ܽଷ଻ݎ݈݊ݎ + ܽଷ଼(ݎ݈݊)ݎଶ]ܿݏ݋ଶ(ߠ − ߮) −

ቂܽଷଽݎ଻ + ܽସ଴ݎ଺ + ܽସଵݎସ + ܽସଶݎଷ + ܽସଷݎଶ + ܽସସݎସ݈݊ݎ + ܽସହݎଶ݈݊ݎ + ௔రల
௥
ቃ ߠ)ଶ݊݅ݏ − ߮)ቅ ߠ݊݅ݏ + ௖௢௦ఏ

௥
{[ܽସ଻ݎଽ +

ܽସ଼଼ݎ + ܽସଽݎ଻ + ܽହ଴ݎହ + ܽହଵݎସ + ܽହଶݎ + ܽହଷݎ଺݈݊ݎ + ܽହସݎସ݈݊ݎ + ܽହହݎ݈݊ݎ + ܽହ଺ݎଶ(݈݊ݎ)ଶ]ܿݏ݋ଶ(ߠ − ߮) +

[ܽହ଻ݎଽ + ܽହ଼଼ݎ + ܽହଽݎ଻ + ܽ଺଴ݎ଺ + ܽ଺ଵݎସ + ܽ଺ଶݎଶ + ܽ଺ଷݎ + ܽ଺ସݎ଺݈݊ݎ + ܽ଺ହݎସ݈݊ݎ + ܽ଺଺ߠ)2ݏ݋ܿ[ݎ݈݊ݎ − ߮) +

[ܽ଺଻ݎଽ + ܽ଺଼଼ݎ + ܽ଺ଽݎ଻ + ܽ଻଴ݎ଺ + ܽ଻ଵݎସ + ܽ଻ଶݎ + ܽ଻ଷݎ଺݈݊ݎ + ܽ଻ସݎସ݈݊݊݅ݏ[ݎଶ(ߠ − ߮) + ܽ଻ହ݈݊ݎ + ܽ଻଺}ߠ)2݊݅ݏ −

߮) + ଵ
௉௥

ଵ
௥

[{ܽ଻଻ݎଽ + ܽ଻଼଼ݎ + ܽ଻ଽݎ଻ + ଼ܽ଴ݎ଺ + ଼ܽଵݎହ + ଼ܽଶݎସ + ଼ܽଷݎଷ + ଼ܽସݎ଻݈݊ݎ + ଼ܽହݎହ݈݊ߠ)2݊݅ݏ{ݎ − ߮) +

{଼ܽ଺ݎଵ଴ + ଼ܽ଻଼ݎ + ଻ݎ଼଼ܽ + ଼ܽଽݎ଺ + ܽଽ଴ݎହ + ܽଽଵݎସ + ܽଽଶݎଷ + ܽଽଷݎଶ + ܽଽସݎ଻݈݊ݎ + ܽଽହݎସ݈݊ݎ + ܽଽ଺ݎଷ݈݊ݎ +

ܽଽ଻ݎଶ݈݊ߠ)2݊݅ݏ{ݎ − ߮)] (34) 

It should be noted that the above solution of radius ratio and Prandtl number for each value of angular insulation 
position. The coefficients used in the solution arranged in Appendix-A. 
        In order to have local Nusselt number based on eaither of tubes (outer or inner), Nusselt can be defined as [6]: 
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ݑܰ = −݈ܴ݊ ቂݎ డ்
డ௥
ቃ
௥ୀோ.ଵ

       (35) 
And average Nusselt number calculated from [6]: 
തതതതݑܰ = ଵ

గ
∫ గߴ݀ݑܰ
଴   (36) 

   Note that T used in equations (35) and (36) based on the solution obtained in (19). 
 

V. VALIDATION OF THE SOLUTION 
 

   For the knowladge of the author, no analyatical solution available for the problem. In order to validate the results of 
preset work, a comparison is done with a similar problem solved numerically by finite element method. In figure 2 
below the data of [5] is shown and compared with that obtained by the above solution, where results of present work 
are drawn by the aid of COMSOL Multiphysics 5.3. A slight but acceptable difference (not to exceed 9%) is shown in 
the comparison, which is good agreement for a two term solution. Behavior of the results is the same. This lead to trust 
in solution obtained and make connfidance to have more results. 
 

 
(a) 

 
(b) 

Figure 2 (a) Comparison between data of present work (lower line) and data of [5] (top line) for summetric case and 
temperature difference of 50 oK. 

(b) Comparison between the streamlines and temperature data of [5] (upper line) and data of present work (lower line) 
for tilt angle of 45o and temperature difference of 200 oK. 
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VI. RESULTS AND DISCUSSIONS 
 

    The data obtained are applied in eq. (20) with six different tilt angles (20, 40, 50, 60, 80, and 90). The temperature 
difference applied is 50 oK. At 20o. Streamlines (figure 3) show to have maximum flow values at small tilt angles. The 
largest values of tilt angles obtained, led to smallest values of stream flow. The reason behind this behavior is due to 
concentration of hot air in small tilt angle, where some hot air captured at the lower end of the pipe to form small 
circulation appeared slightly at 40o. This circulation increased gradully as the tilt angle increment due to more hot air 
amount to trap in the lower end. As tilt angle reached 90o, the flow shown to be symmetric in the two sides of the pipes 
cavity. This behavior should be followed by the values of velocity contours, which is shown in figure 4. Where the 
velocity values shown to be higher at the higher end, and lower at the lower end. In lower end thes values increased 
step by step as tilt angle increased to finally be symmetric at 90o. In figure 5, temperature distribution over air filled 
cavity. At 20o of tilt angle, high temperature values are shown to make a strip close to inner pipe. A circulate area of 
hot air near highr end of the cavity shown, since hot air is circulated there. Lower end of air filled cavity shown to have 
lowest values of temperature distribution, since cold air accumulate there due to high density. As tilt angle increased 
and hot air trapped at lower end cavity, a hot air circulation increased gradually to reach symmetry at 90o. In the 
symmetry case, lower temperature values shown at the lower section of the middle of cavity.  Figure (8) shows local 
Values of Nusselt number based on equation (35). Values shown are based on outer tube, where a symmetrical shape 
shown in titl angle 90o, and values lost their symmetrical shape as tilt angle decreased. High values of Nusselt number 
obtained at ends of cavity due to high temperature difference between outer tube and inner air temperature. Still 
average Nusselt numbers, based on equation (36), show an increase in values as tilt angle increased. Low tilt angles 
shown to have lowest values of Nusselt number.  
 

 
Figure 3 Streamlines of flow for tilt angles 20, 40, 50, 60, 80, and 90, with temperature difference of 50oK. 
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Figure 4 Velocity of flow for tilt angles 20, 40, 50, 60, 80, and 90, with temperature difference of 50oK. 

 

 
Figure 5 Temperature distribution for tilt angles 20, 40, 50, 60, 80, and 90, with temperature difference of 50oK. 
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Figure 6 Temperature distribution for changing inside tube's temperatures of 350, 400, 450, and 500 oK with tilt angle 

of 40o. 

 
Figure 7 Velocity distribution contour for different inside tube's temperatures of 350, 400, 450, and 500 oK. 
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Figure 8 Local Nusselt number over arc length of tube with different tilt angle. 

 

 
Figure 9 Average Nusselt Number for tube with different tilt angles. 

 
VII. CONCLUSION 

 
Prent work shows an elegant and useful analytical solution for natural convection between two concentric cylinders. 
The inner tube is the hot one, while outer tube is the cold one. Gab between two cylinders filled with air with half 
insuated area at different tilt angle. Resulta and according to solution show a relation between tilt angle and natural 
convection process occuring. As tilt angle increased heat transfer rate increased til reaching maximum values at tilt 
angle of 90o. Lower values of heat transfer rates occurs at lower tilt angles. 
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Appendix-A 
The coefficients used in the solution of differential 
equations (21 to 24): 
ܽଵ = ଵ

ଵିோమ
 (A-1) 

ܽଶ = ோమ

ଵିோమ
 (A-2) 

ܽଷ = ଵ
ସହ(ଵିோమ)   (A-3) 

ܽସ = ோమ

ଽ(ଵିோమ)    (A-4) 

ܽହ = ିଶ
ோାଷ

ቀ௔భ
ଽ

+ ௔మ
ଷ
ቁ − ௔భ

ହ
(ܴସ + ܴଷ + ܴଶ + ܴ) +

௔మ
ଽ

(ܴଶ + ܴ + 1) + ௘భ
ସ
ቀோ

మ௟௡ோାோିଵ
ோିଵ

ቁ   (A-5) 
ܽ଺ = − ௔భ

ସହ
(ܴସ + ܴଷ + ܴଶ + ܴ) + ௔మ

ଽ
(ܴଶ + ܴ + 1) +

௘భ
ସ
ோమ௟௡ோ
ோିଵ

+ ௔ఱ
ଶ

(ܴ + 1)                             (A-6) 
ܽ଻ = ௘భ

ସ
    (A-7) 

଼ܽ = ܽଵ + ܽଶ + ܽହ + ܽ଺    (A-8) 
ܽଽ = ௘ర

ଷ଺
       (A-9) 

ܽଵ଴ = ௘ఱ
ଶ଴

  (A-10) 
ܽଵଵ = ଷ௘లିସ௘ళ

ଶ଻
   (A-11) 

ܽଵଶ = ௘ఴ
଼

 (A-12) 
ܽଵଷ = ݁ଽ − 2݁ଵ଴    (A-13) 
ܽଵସ = ௘భభ

ଽ
            (A-14) 

ܽଵହ = ݁ଵ଴ (A-15) 

ܽଵ଺ = 2݁ଵଶ  (A-16) 
ܽଵ଻ = ݁ଵଷ (A-17) 
ܽଵ଼ = ହ௘భభ

ଷ଺
 (A-18) 

ܽଵଽ = ௘భర
ଶହ

  (A-19) 
ܽଶ଴ = ௘భఱ

ଵ଺
 (A-20) 

ܽଶଵ = ଷ௘భలିଶ௔భభ
ଶ଻

 (A-21) 
ܽଶଶ = ௘భళ

ସ
 (A-22) 

ܽଶଷ = ݁ଵ଼        (A-23) 
ܽଶସ = 2݁ଵଵ       (A-24) 
ܽଶହ = −2݁ଵ଴  (A-25) 
ܽଶ଺ = − ௘భమ

ଶ
 (A-26) 

ܽଶ଻ = −݁ଵଶ    (A-27) 
ܽଶ଼ = ݁ଵଽ    (A-28) 
ܽଶଽ = ௘ర

ଵସସ଴଺
  (A-29) 

ܽଷ଴ = ௘ఱ
ଶହ଴଴

 (A-30) 

ܽଷଵ = ଷ௘లି଻௘య
ଶଷ଴ସ

     (A-31) 
ܽଷଶ = ܽଵ ∗ ଼ܽ + ܽଶ ∗ ܽହ  (A-32) 
ܽଷଷ = − ௔మ∗௔ల

ଵ଺
   (A-33) 

ܽଷସ = ௔భ∗௔ళ
଻଺଼

   (A-34) 
݁ଷହ = ௔మ∗௔ళ

ଵ଺
  (A-35) 

ܽଷ଺ = −2ܽଶ ∗ ଼ܽ(A-36) 
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݁ଷ଻ = −ܽଶ ∗ ܽ଻     (A-37) 
ܽଷ଼ = −ܽଷ଺   (A-38) 
ܽଷଽ = ହ௔భ∗௔య

ଵସସ଴଺
      (A-39) 

ܽସ଴ = ଷ௔భ∗௔ర
଺ସ଼଴

  (A-40) 

ܽସଵ = ௔భ(௔ళା௔రା௔ల)ିଵ.ଷଷ௔భ௔ళ
ଵ଴ଶସ

 (A-41) 

ܽସଶ = ଴.଺଺௔భ∗௔ళିଽ௔మ∗௔ర
ଵ଻ଶ଼

   (A-42) 

ܽସଷ = ଵ଴௔మ∗௔ళି௔మ(௔ళାଶ௔ర)
ଵ଺

  (A-43) 

ܽସସ = ଶ௔భ∗௔ళ
଻଺଼

 (A-44) 
ܽସହ = ି௔మ∗௔ళ

଼
   (A-45) 

ܽସ଺ = ௘భమ
ଶ

   (A-46)                
ܽସ଻ = ௘ర

ଵସଶ଼଼ସ
      (A-47) 

ܽସ଼ = ௘ఱ
ହ଻଺଴଴

  (A-48) 

ܽସଽ = ଷ௘రିଵହ௘ళ
ଵ଼ଵସସ

 (A-49) 
ܽହ଴ = ௘ఴ

ଽ଴଴
   (A-50) 

ܽହଵ = ௔భ(௔ఱା௔మ)ି଺௔మ∗௔ళ
଺ସ

                                               (A-51) 

ܽହଶ = ௔మ(଼௔లିଷ௔ఴ)
ଶ

                                                      (A-52) 
ܽହଷ = ௘ఱ

ହ଻଺଴଴
  (A-53) 

ܽହସ = ௔మ∗௔ళ
଺ସ

  (A-54) 
ܽହହ = ܽଶ ∗ ଼ܽ                                                           (A-55) 
ܽହ଺ = ௔ఱఱ

ସ
                                                                    (A-56) 

ܽହ଻ = ௘రାହ௔భ∗௔య
ଽଷଷଵଶ

                                                          (A-57) 

ܽହ଼ = ௘ఱାଷ௔భ∗௔ర
ଷହ଴଴଴

    (A-58) 

ܽହଽ = ିହ௔మ∗௔య
ଵ଴଻ହଶ

    (A-59) 

ܽ଺଴ = ଷ௘లିଽ௔మ∗௔రିଶଵ௘ళ
ଶସଷ଴

 (A-60) 

ܽ଺ଵ = ି௔మ(௔ళାଶ௔ర)ା௔భ∗௔ఴ
ଵଶ

  (A-61) 
ܽ଺ଶ = 2ܽହହ                                                                 (A-62) 
ܽ଺ଷ = −18ܽଶ(ܽ଺ + ܽସ)  (A-63) 
ܽ଺ସ = ௔ళ(௔భା௔మ)

ଶସଷ଴
                                                          (A-64) 

ܽ଺ହ = ି௔మ∗௔ళ
ଵଶ

                                                               (A-65) 
ܽ଺଺ = 18ܽଶ(ܽ଺ − ଼ܽ) (A-66) 
ܽ଺଻ = ହ௔భ∗௔య

ଵସଶ଼଼ସ
 (A-67) 

ܽ଺଼ = ଷ௔భ∗௔ర
ହ଻଺଴଴

      (A-68) 

ܽ଺ଽ = ିହ௔భ∗௔య
଻ଷହ଴

   (A-69) 

ܽ଻଴ = ିଽ௔మ∗௔రିଷଶ௔భ∗௔ళ
ଵହହହଶ

                                                (A-70) 

ܽ଻ଵ = ௔మ(଼௔రିଶଵ௔ళ)
଺ସ

  (A-71) 

ܽ଻ଶ = −2ܽଶ ∗ ܽ଺                                                       (A-72) 
ܽ଻ଷ = ௔భ∗௔ళ

ଶହଽଶ
   (A-73) 

ܽ଻ସ = ି௔మ∗௔ళ
ଷଶ

 (A-74) 
ܽ଻ହ = 2ܽଶ଻                                                                 (A-75) 
ܽ଻଺ = 2ܽଶ଼  (A-76) 
ܽ଻଻ = ௔భ∗௔య

ଵହହହଶ
 (A-77) 

ܽ଻଼ = ௔భ∗௔రିଷ௔మ∗௔య
଺ଽଵଶ

  (A-78) 

ܽ଻ଽ = ସ௔భ(௔రି௔ళ)
ଷ଺଻ହ

 (A-79) 

଼ܽ଴ = ௔భ∗௔లିଷ௔ర∗௔ళ
ଵ଻ଶ଼

                                                     (A-80) 

଼ܽଵ = ௔భ∗௔ఴାଽ௔మ∗௔ళ
଺଻ହ

                                                     (A-81) 
଼ܽଶ = ି௔మ∗௔ఱ

ଵଶ଼
  (A-82) 

଼ܽଷ = − ௔మ∗௔ఴ
ଽ

                                                              (A-
83) 
଼ܽସ = ௔భ∗௔ళ

ଷ଺଻ହ
  (A-84) 

଼ܽହ = − ௔మ∗௔ళ
ଶଶହ

  (A-85) 
଼ܽ଺ = ௔భ∗௔య

ଵ଼଴଴଴଴
                                                              (A-86) 

଼ܽ଻ = ି௔మ∗௔వ
଼ଵଽଶ

   (A-87) 

଼଼ܽ = ଷ௔భ∗௔రା଴.ହ௔య∗௔ఱିଷ଺௔య∗௔ర
ସଷଶଵ଼

 (A-88) 

଼ܽଽ = ௔భ(଼௔రି଻௔ళ)
ଶଷଷଶ଼

 (A-89) 

ܽଽ଴ = ௔భ∗௔లିଶ଻௔మ∗௔ర
ଵଵଶହ଴

  (A-90) 

ܽଽଵ = ଴.ହ௔ర∗௔ఱା௔మ(଺௔ళିଵହ௔ర)
ହଵଶ

 (A-91) 

ܽଽଶ = ௔ళା଼௔రି௔మ∗௔లି଴.ହ௔ర∗௔ఱିସ଴௔రమାଷ.ହ௔ఱ∗௔ళାସ௔ర∗௔ళ
ଵ଺ଶ

     (A-92) 

ܽଽଷ = ௔ల(௔ఱିଶ௔ర)
ଵ଺

  (A-93) 
ܽଽସ = ௔య∗௔ర

ସ଼଴ଶ
 (A-94) 

ܽଽହ = ௔మ(ଷ௔రିଶ௔ళ)
ହଵଶ

  (A-94) 

ܽଽ଺ = ௔ర(௔ళା଼௔ర)ା௔ఱ∗௔ళ
ଵ଺ଶ

  (A-95) 
ܽଽ଻ = ௔ర∗௔ల

ଷଶ
  (A-96) 

݁ଵ = ௘మ
௘య

                                                                 (A-97)  

݁ଶ = ௔మ
ଷ
ܴଶ + ଶோାଵ

ோାଷ
ቂ௔భ
ଽ

+ ௔మ
ଷ
− ௔భ

ହ
(ܴସ + ܴଷ + ܴଶ + ܴ) +

௔మ
ଽ

(ܴଶ + ܴ + 1)ቃ  (A-98)  

݁ଷ = ோ௟௡ோ
ଶ

− ோయ௟௡ோାோమିோ
ଶ(ோାଷ)(ோିଵ) −

ோ
ସ
− ோమ௟௡ோ

ସ(ோିଵ) −
ோమ௟௡ோାோିଵ
଼(ோିଵ) (A-99) 

݁ସ = ܽଵ ∗ ܽଷ                                             (A-100) 
݁ହ = ܽଵ ∗ ܽ଺ + ܽଶ ∗ ܽସ                  (A-101) 
݁଺ = ܽଵ ∗ ܽହ (A-102) 
݁଻ = ܽଵ ∗ 4ܽଷ                            (A-103) 
଼݁ = 2(ܽଵ ∗ ܽ଺ + ܽଶ ∗ ܽସ)       (A-104) 
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݁ଽ = ܽଶ ∗ ܽହ + ܽଵ ∗ ଼ܽ               (A-105) 
݁ଵ଴ = ܽଶ ∗ ܽ଻        (A-106) 
݁ଵଵ = ܽଵ ∗ ܽ଻                (A-107) 
݁ଵଶ = 2ܽଶ ∗ ܽ଺                         (A-108) 
݁ଵଷ = ܽଶ ∗ ܽଽ                             (A-109) 
݁ଵସ = 5ܽଶ ∗ ܽଽ                       (A-110) 
݁ଵହ = −2ܽଶ ∗ ܽଷ               (A-111) 

݁ଵ଺ = −3ܽଶ ∗ ܽସ             (A-112) 
݁ଵ଻ = ܽଵ(ܽ଻ + 2ܽହ + ܽ଺)            (A-113) 
݁ଵ଼ = −(݁ଵ଴ + 2ܽଶ ∗ ܽହ)− 2݁ଵ଺ ∗ ܽ଻            (A-114) 
݁ଵଽ = ିଵ

௟௡ோ
ቂܽଽܴ଺ + ܽଵ଴ܴହ + ܽଵଵܴଷ + ܽଵଶܴଶ + ܽଵଷܴ +

ܽଵସܴଷ݈ܴ݊ + ܽଵହܴ݈ܴ݊ + ௔భల
ோమ

+ ௔భళ
ோ
ቃ       (A-115)         
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