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Derivation of Pareto Optimal Operating Policies Based on Safety Indices  
for a Catalytic Multi-tubular Reactor Used for Nitrobenzene Hydrogenation

G. Maria,* H. H. S. Khwayyir,§ and D. Dinculescu
Department of Chemical and Biochemical Engineering,  
University POLITEHNICA of Bucharest

When highly exothermic/hazardous reactions are conducted in the presence of para-
metric uncertainty, derivation of optimal operating policies for a chemical reactor has to 
simultaneously consider several objectives of sustainability. The paper uses an original 
methodology to generate the Pareto optimal solutions when reactor productivity and 
safety objectives (expressed in probabilistic terms) are simultaneously considered using 
the process and reactor model in a simple way, in the presence of technological con-
straints, uncertainty in safety boundaries, and random fluctuations in control variables. 
An example is provided for the industrial fixed-bed tubular reactor used for the catalytic 
hydrogenation of nitrobenzene to aniline in vapour-phase.
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Introduction

The central equipment in a chemical plant is 
the chemical reactor, where the high value products 
are obtained. When the chemical reactor presents a 
high sensitivity to operating conditions, and addi-
tionally highly exothermic hazardous reactions are 
conducted, the reactor operation implies stability 
problems and risk of runaway. This is the reason 
why optimization efforts have to focus not only on 
production maximization (economic objectives), 
but also on minimizing the operating risk (safety, 
stability, controllability objectives). This optimiza-
tion problem translates in a multi-objective optimi-
zation in the presence of multiple technological 
constraints. Besides, model-based setting of the op-
timal operating policy for such highly sensitive 
chemical reactors is a difficult task if the entire pro-
cess complexity is accompanied by parametric un-
certainties.

On the other hand, modelling the considered 
continuously operated chemical reactor implies to 
account for the system dynamics, including the 
chemical reactions and heat transfer from the reac-
tor tubes to the cooling agent, which is time/
length-varying and of nonlinear characteristics. Ad-
ditionally, the following process uncertainty sources 
have to be considered: model inaccuracies, variabil-

ity in raw-material purity and catalyst characteris-
tics; the simplifying hypotheses used to represent 
the complex kinetics of the main and side reactions; 
a certain random fluctuation of the operating pa-
rameters/control variables around the set-point due 
to limited performances of the control system, etc.

When designing/operating a chemical reactor, 
where a process of high thermal sensitivity is con-
ducted, there are a number of “sensitive” engineer-
ing issues which have to be addressed, that is:

– Minimize the reactor operating risk while 
keeping a maximum profit, which translates into 
determining the reactor optimal size and operating 
parameters/policy (setpoint) within technological 
constraints. The presence of uncertainties in the 
control variable runaway boundaries, and the para-
metric random disturbances, impose adoption of 
prudent operating solutions in spite of the tempta-
tion to drive the nominal running point in a vicinity 
of the runaway boundaries in the parametric space 
to get higher reactor productivity. Such a safe oper-
ation often means keeping the setpoint “outside the 
confidence region of the safety limits”, by eventual-
ly over-designing the cooling/control system.1–6

– Determine the plant optimal operation policy 
at the maximum productivity (or at least within 
benefit limits) while minimizing the accident conse-
quences scenario.7,8 It should be mentioned that the 
entire plant productivity depends on accident fre-
quency and their effects/consequence magnitude.5,8,9

– Consider various sources of uncertainties 
when solving the mentioned multi-objective optimi-
zation problem, e.g. uncertainty in the control vari-
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able runaway boundaries, and the inherent random 
disturbances of the control variable setpoint.5,8,9,32–36

On the other hand, the plant optimal operating 
policy should be considered as a trade-off between 
economic, environmental, and safety objectives. By 
using a new “safe operation criterion” introduced 
by Maria and Dan,10–14 based on the sum of two fail-
ure probability indices related to uncertainty in the 
reactor runaway boundaries and random disturbanc-
es in the operating parameters, a multi-objective op-
timization can be formulated by defining the sus-
tainability by simultaneously considering techno- 
 logical, economic, and safety constraints.

A classical way to solve the above-mentioned 
optimization problem implies searching the optimal 
control variable set-point, usually related to the 
chemical reactor input variables (e.g. feed flow rate, 
feeding composition, cooling agent temperature, 
over all and species partial pressures) that ensure 
minimum/maximum values of an objective function 
(i.e. the performance objective, or ‘cost’ function in 
financial or engineering terms) while considering 
the mass, heat, and momentum equations together 
with the technological-safety constraints.4,15 For 
multi-  objective optimization with contrary objec-
tives, one elegant option is to obtain the set of Pare-
to optimal solutions, also called “Pareto-front” for 
the case of at least two adverse objectives. A Pareto 
solution is one where any improvement in one ob-
jective can only take place at the cost of another 
objective.37

According to Maria and Dan, the thermal run-
away risk during reactor operation can be quanti-
fied, and included in the multi-criteria optimization 
function by using an overall failure probability in-
dex.10–14 Briefly, the methodology of Maria and 
Dan10–14 to obtain the Pareto-optimal operating poli-
cies for a multi-objective optimization problem in 
the presence of uncertainty in the control variables 
and runaway boundaries includes: derivation of the 
process and reactor dynamic model; definition of 
the technological constraints; evaluation of the safe-
ty limits and their confidence band for the control 
variables in the parametric space by also consider-
ing their random fluctuations around the setpoint;14 
approximation of the critical variety with simple 
algebraic correlations to facilitate further reactor 
optimization rule; evaluation of the joint failure 
probability index based on the parametric and safe-
ty limit uncertainty, and then formulation of the 
multi-criteria objective function followed by deriva-
tion of the so-called “optimal-Pareto front” solu-
tion. Then, a trade-off optimal solution is selected 
based on several criteria.

The present study is aiming at exemplifying 
this reactor operation optimization methodology of 
Maria and Dan10–14 to obtain the Pareto-optimal op-

erating policy for the case of an industrial fixed-bed 
tubular reactor used for the catalytic hydrogenation 
of nitrobenzene to aniline in vapor-phase in the 
presence of uncertainty in safety limits of the oper-
ating region and uncertainty associated with the 
random fluctuations of the control variables. The 
applied model-based methodology to obtain the Pa-
reto-operating policies of the reactor is that of Ma-
ria and Dan.10–14 This methodology, described here 
very briefly, is detailed below in the Theory Sec-
tion.

Material and methods 

Nitrobenzene hydrogenation process  
and reactor characteristics

Aniline, produced worldwide in large quanti-
ties, is a precursor of many industrial chemicals. 
Under normal conditions, aniline is a non-inflam-
mable liquid, of low water solubility and vapour 
pressure. It is highly toxic (by inhalation, ingestion, 
or percutaneous adsorption). Aniline production is 
mainly based on the catalytic hydrogenation of ni-
trobenzene (NB) at near normal pressures and 300–
350 °C temperatures (for more details see the reac-
tion and process conditions given in Table 11,2).

Gaseous nitrobenzene catalytic hydrogenation 
is the principal industrial method for economic pro-
duction of aniline. The exothermic process (reaction 
heat of –106.01 kcal mol–1 NB) is carried out within 
a fixed-bed or a fluidized-bed reactor with high 
yields (99 %16), even though trials on a monolith 
reactor have also been investigated.17,18 The catalyst 
used is copper or palladium on an activated carbon 
or an oxidic support, sometimes modified by adding 
other metals (Ni, Pb) or promoters to increase the 
selectivity (Mg, Ca, Zr, Th, V, Cr19). The process is 
conducted at temperature values within 250–350 °C, 
low pressure values (below 10 atm) but with a high 
excess of hydrogen (up to 1:100 – 1:200 molar NB/
H2) to make the NB conversion practically com-
plete, and avoid large partial NB pressures leading 
to high generated reaction heat (risk limits being 
around 1:10 feed ratios2). Under these conditions, 
the equilibrium of the main reaction:

 '
2 A 2WNB 3H

k

k

→
← ++

is totally shifted towards aniline formation, the fu-
gacity coefficient being very close to unity, while 
the equilibrium conversion is practically complete.20 
The overall pressure rise favours the direct reaction, 
but can also induce critical conditions due to the 
inherent increase of NB partial pressure and gener-
ated heat of reaction.

The plant capacity of aniline production is 
placed in the range of 18,000–130,000 t y–1. The 
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Ta b l e  1  – Tubular fixed-bed reactor model, catalyst and industrial reactor characteristics and nominal operating conditions for the 
nitrobenzene catalytic hydrogenation to aniline in vapour phase (ca. 48,000 t AN/y production capacity; adapted after1–3)

Model hypotheses:
– ideal plug-flow with concentration, temperature, and pressure gradients in only axial direction,  

i.e. ( , , ) / 0j tc T p R∂ ∂ =
– for L / dp > 50

– negligible axial dispersion coefficient, i.e. Dz = 0
– isothermal spherical catalyst particle, i.e. ∂Tp / ∂Rp = 0 – spherical particle with avg.  

 diameter dp

– negligible extragranular resistance to the transport of property (Satterfield criterion29) – for L / dp > 100
– intraparticle mass transport resistance expressed by the overall effectiveness factor 
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– friction factor computed with the Ergun and Hicks formula:
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– Thiele modulus Φ is evaluated with the pseudo n-th kinetic order formula of footnotes 

 (a-b)22. The effective diffusivity in the catalyst particle is: ef mD D
ε

τ
≈  (the surface and Knudsen 

diffusivity contribution are neglected).

Reactor differential balance equations: Observations

mass balance:
 , ,0

d
 

d
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At z = 0;
XNB,0 = 0;
T = T0;
p = p0.heat balance: , ,
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momentum balance:
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f
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n m

NB NB Hr kp p= , n= 0.5; m= 0.5; see footnotes (c-d)

Nominal operating conditions:
Inlet overall pressure p0 = 1.2 atm
Inlet gas temperature T0 = 573 K
Feed molar ratio (moles H2 / moles NB) M = 15
Feed NB flow-rate (per reactor tube) FNB,0 = 1 kg h–1

Gas superficial velocity (related to void tube) u0= 1.14 m s–1

Cooling agent average temperature Ta= 558 K
Molar flow-rate variation according to the overall reaction stoichiometry:

, , ,0 , , ,0(1 ); ( 3 );M NB M NB NB M H M NB NBF F X F F M X= − = −

, , ,0 , , ,0 , ,; 2 ; .M A M NB NB M W M NB NB M t M j
j
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M
F M

M
+

Partial pressure is computed with the ideal gas formula: , ,/j M j M tp pF F= j = NB, H, A, W
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very exothermic reaction (reaction enthalpy = 
106.01 kcal mol–1 NB) leads to a significant thermal 
hotspot in the catalytic bed in spite of intense cool-
ing agent circulation in the outside tubes. This ther-
mal hotspot is extremely sensitive to the operating 
conditions (i.e. inlet temperature, pressure, molar 
H2/NB ratio, gas flow-rate, and cooling agent tem-
perature). The reactor output contains ca. 10 % ani-
line, 70 % H2, and 20 % water vapours (%vol.) 
when it is operated close to the runaway boundar-
ies. Maria and Stefan1–3 derived complex correla-
tions of the critical operating conditions with the 
operating parameters.

A quite reduced number of systematic studies 
have been published reviewing the kinetic models 
proposed in the literature for this process (see e.g. 
the reviews2,21), most of the proposed models indi-

cating apparent power-law type kinetics of fraction-
al orders in NB and H2 ( 2NB H

n mr kp p= ). Some studies 
developed mechanistic Langmuir–Hinshelwood hy-
perbolic type kinetic models, based on the NB and 
H2 absorption on the catalyst active sites, where the 
rate determining step is the surface reaction be-
tween the NB molecule and the H atom.17,19 A com-
parison between the apparent reaction rates predict-
ed by various models under nominal inlet conditions 
of the industrial reactor has been made in2, reveal-
ing a quite different activity of various fresh cata-
lysts, with rate values in the range of 0.007 – 0.4304 
kmol kg–1 h–1, for the same high particle effective-
ness factor (usually 0.98–0.99). With the increase in 
temperature over the reactor length, these discrep-
ancies among various catalysts exacerbate, as re-
vealed by the displayed reaction rates in2 under adi-

Variable: Observations:
Catalyst density (bulk), ρc 1600 kg m–3

Catalyst particle average diameter, dp 3 mm
Catalyst porosity28, ε
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−
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0.5

Catalyst tortuosity (adopted average value according to Satterfield29), τ 4
Reactor inner diameter, dt 30 mm
Reactor tube thickness, δt 5 mm
Reactor length, L 3 m
Overall heat of reaction dependence with the temperature:

 –5 3 –9 4 –12 5

(– ) –110604.0612 + 8.745102723 – 0.307037744

0.2776795668 10 + 0.9639094601 10 – 0.5970616340 10

H T
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⋅ ⋅ ⋅

[approximate value at nominal inlet conditions is (–∆H) = 106.01 kcal mol–1 NB].

– using the data of2

Notes:
(a) The effectiveness factor is considered for a spherical catalyst particle of dp diameter, i.e.: 
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reaction rate n m

NB Hr kp p= , and large inlet ratios M, the Thiele modulus Φ is evaluated with the pseudo n-th kinetic order formula22: 
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F . The effective diffusivity in the particle is approximated with the effective mole-

cular diffusivity in the gas mixture22: ef mD D
ε

τ
≈  (the surface and Knudsen diffusivity contribution can be neglected here). The

molecular diffusivity is computed with the Gilliland-Maxwell formula30: 
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+
, (m2 s–1), where:

T = temperature (K); p = overall pressure (atm); vA = molar diffusion volume of species A at the normal boiling point (cm3 mol–1;31); 
MA= molecular mass of species A (g mol–1); ε = catalyst porosity; τ = particle tortuosity.

(b) Thiele modulus Φ is evaluated with the pseudo n-th kinetic order formula, for cases with large values of M22: 
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(c) The rate constants are20: k = 4.104 ⋅ 104, (kmol kgcat
–1 h–1 atm–1); E / Rg = 8240 K.

(d) cNB expressed in kmol L–1; cj = pj / (RgT).
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abatic operating conditions. The plotted temperature 
and NB conversion profiles in2, of sigmoid or mo-
notonous curve shapes, suggest significant differ-
ences in reaction activation energy for various cata-
lysts. Indeed, as reported in literature, the limiting 
rate step seems to be the hydrogen molecule activa-
tion on the Ni-catalyst, compared to the nitroben-
zene molecule activation on the Pt or Cu catalyst 
surface. The catalyst deactivation is significant even 
for short times on stream, and several kinetic mod-
els have been proposed in literature, based on the 
coke formation mechanism.18,19 The catalyst activity 
decay has to be accounted for by reactor optimiza-
tion via a time-dependent feeding policy. However, 
for the reactor risk analysis, the fresh-catalyst con-
ditions are more interesting and correspond to a 
higher reactor parametric sensitivity, which will be 
used further in establishing the safety margins of 
the operating region.

The industrial fixed-bed reactor constructive 
solution, as described by Trambouze et al.,22 at-
tempts to remove quickly the reaction heat generat-
ed inside the large number of tubes filled with the 
catalyst, by means of a good circulation of the cool-
ing liquid in which the tubes are immersed. The 
heat transfer-limiting step is located on the solid 
catalyst side. Various constructive versions are re-
ported to ensure a high productivity and good heat 
release, even if the close temperature control re-
mains a critical issue (e.g. XNB = 0.999 under a 
Cu-Mg-silica catalyst and large time-on-stream for 
553–573 K, M = 17, and Ft = 0.35 kg kgcat

–1 h–1; 
review of23).

A relatively simple reactor model, of pseu-
do-homogeneous type, has been adopted in this pa-
per in order to perform the risk analysis, without 
radial gradients and of plug-flow fluid circulation.24 
The considered mass, heat, and momentum ordi-
nary differential equation (ODE) balances assume 
the hypotheses mentioned in Table 1, together with 
the catalyst characteristics, and the intra-particle 
mass transfer resistance through an isothermal ef-
fectiveness factor (Table 1 footnote). The model as-
sumes a constant temperature of the cooling agent 
and overall heat transfer coefficient, and the in-
tra-particle mass transfer resistance through an iso-
thermal effectiveness factor. The gas properties are 
approximated with those of the air due to the NB 
small fraction (lower than 9 % mol.). The industrial 
tubular reactor has a length L = 3 m, and an inner 
diameter dt = 30 mm.

The main variables of the model and the nomi-
nal stationary operating conditions of the reactor are 
presented in Table 1. The reactor model has been 
solved with a low-order stiff ODE integrator to ac-
count for cases of using catalysts displaying higher 

activation energies. It is of interest to quantitatively 
characterize the potential hazard of the main chem-
ical reaction before starting the reactor sensitivity 
analysis. Some reaction risk indices under adiabatic 
conditions are presented by Maria and Stefan2 (for 
an extensive discussion see7,25). The very exother-
mic reaction leads to a temperature rise under adia-
batic conditions of ,0(– ) / (  )ad j pT H c cρ∆∆ = , 0,jc = 
initial concentration of key species; ρ = reacting 
mixture density; pc = average specific heat26 of 
697.95 K, which largely outruns the limit of 50 K 
recommended for out-of-risk primary reactions.25 
The resulting temperature increase 0max TTTpeak −=∆  in the non-adiabatic reactor depends on the catalyst 
and operating conditions, and it can easily reach 
more than 100 K for certain fresh catalysts. One 
rough measure of reaction hazard is given by the 
reaction violence index B = DTad E Rg

–1 T0
–2,25 where 

∆Tad is the temperature rise under adiabatic condi-
tions; E is the activation energy, and T0 is the inlet 
temperature. For dangerous reactions, the reaction 
violence index B is larger than the threshold B = 5, 
especially for catalysts exhibiting high activation 
energies (as in the studied case)25. Low values ob-
tained for TMRad (reaction time-to-maximum rate 
under adiabatic conditions)12 correspond to a risky 
reaction, but also to short length-to-maximum- rate 
values under adiabatic conditions, often less than 
0.1 m within the reactor. Such a result indicates the 
reactor section near the inlet point as presenting the 
highest thermal sensitivity to parametric conditions.

Since the thermal sensitivity is one of the most 
important issues to be considered during reactor op-
timization, the fixed-bed constructive alternative 
employing thin tubes11 is intended to rapidly dissi-
pate the generated heat as fast as possible. The tubes 
filled with catalyst are immersed in the cooling 
agent, which rapidly circulates across the tubes, ef-
ficiently taking over the reaction heat. Still, the lim-
iting step of the heat transfer is located on the cata-
lyst side, which means that the thermal control 
needs to address the inlet conditions rather than the 
cooling agent. The parametric sensitivity regime of 
this process under nominal conditions corresponds 
to slow reactions,1,2 with an effectiveness factor (η) 
for the solid particle very close to 1 (catalyst char-
acteristics are given in the Table 1). For optimiza-
tion and risk analysis purposes, a simple kinetic 
model was adopted.

The analysis starts with determining the most 
influential parameters in respect to the process per-
formance (conversion, yield), which were found1,2 
to be (generically denoted by control variable vec-
tor u): the cooling agent absolute temperature Ta, 
the inlet butane molar fraction yBu,0, the inlet pres-
sure p0, and the absolute inlet temperature T0.
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Theory: Derivation of the safety criteria  
and the Pareto-optimal front of reactor 
operating policies

The next step of the sensitivity analysis in-
volves evaluating the safety limits for the control 
variables uc(f) in the parametric space (f), by using 
the generalized sensitivity criterion of Morbidelli 
and Varma5 (see2 for the computational details).

The procedure is as follows: Firstly it is neces-
sary to determine the runaway boundaries of the 
control variables in successive 2D parametric planes 
by using the generalized sensitivity criterion of 
Morbidelli and Varma5 (MV method). Sensitivi-
ty-based methods are based on determining the 
parametric sensitivity functions of state variables yi 
with respect to parameters ϕj, in absolute or relative 
terms:

* *( ; ) / ; ( ; ) ( / ) ( ; )i j i j i j j i i js y y S y y s yϕ ϕ ϕ ϕ ϕ= ∂ ∂ = (1)

(referring to a nominal operating point *
jφ ).

The parametric sensitivity analysis highlights 
the major influence on the hotspot [i.e. temperature 
peak ∆Tpeak = (Tmax – T0)] of the inlet NB partial 
pressure pNB,0 (via the overall pressure p0, and M the 
inlet H2/NB ratio), the cooling fluid temperature 
(Ta) circulated in the extra-tubular space, and the in-
let gas temperature (T0). Under certain critical inlet 
conditions (p0c,T0c), to be determined for every cata-
lyst, the hotspot rises sharply and the reactor hotspot 
operation evolves towards pseudo-adiabatic condi-
tions and eventually process runaway. The depen-
dent variables of most interest for the safety and 
economic analysis are ∆Tpeak (Tmax) and the outlet 
NB conversion XNB (L).

The state y sensitivity functions z);(S φy  (de-
pendent on the z-reactor length) have been comput-
ed by means of a finite difference numerical meth-
od, involving repeated simulations of the reactor 
behaviour under various conditions, every time 
solving the mass, heat, and momentum differential 
balance equation of the reactor model. This z-MV 
criterion (referring the state sensitivity functions 
varying with the reactor length z) has been reported 
as being robust to complex kinetic models, indicat-
ing less conservative predictions of runaway bound-
aries than most geometrical or explicit methods.5,27 
The runaway boundary of the control variable uc(ϕj) 
corresponds in the MV method to the Max  
|S(Tmax; u)|. Thus, by taking u = T0, the resulting 
[S(Tmax; T0) vs. T0] plots for various ϕj operating pa-
rameter values, allow establishing the runaway 
boundaries in every parametric plane [T0 vs. ϕj], as 
represented in Fig. 1(a) for Φj = Ta.

In the next step, to reduce the computational 
effort during the optimization analysis and safety 
index evaluation, simple adequate algebraic correla-

tions of the control variable safety limits uj,c(φ ) and 
of their variance 

,

2
j cuσ

 
can be derived, usually in 

logarithmic or polynomial form,1–3,10–14 from bring-
ing together all critical curves obtained by means of 
the MV criterion, that is for the aniline reactor pres-
ent case:1

  
  (2) 
 

0 0
2 2

2
0

2277.6489 93.1459 14.4202

11.6506 0.2554 0.0116

115.0318 0.1057 0.3746 0.0003

c

a a

c a a

T p M

T M T

p M T T

= − − ⋅ + ⋅ +

⋅ − ⋅ − ⋅

= + ⋅ − ⋅ + ⋅

where: T0c = critical value of inlet gas temperature 
T0, p0c = critical value of inlet gas pressure;  
M = molar fed ratio (moles H2/NB); Ta = average 
temperature of the external cooling agent.

A very important aspect considered in the pres-
ent study is related to the uncertainty in evaluating 
the safety limits of the operating region associated 
with the random fluctuations ( jdj ) in the parame-
ters around the nominal set-point, i.e. j j±j dj . By 
repeatedly applying the MV-sensitivity method, 
while considering the parameters at lower or upper 
bounds, the lower and upper bounds of the critical 
conditions (the confidence region) can be thus ob-
tained. The dispersion of such critical curves uj,c 
(f) can be estimated by using the error propagation 
formula for the assumed uncorrelated parameters:28

 
( )22 2/ ,

c ju c j
j

u φφ
σ φ σ= ∂ ∂ ⋅∑  

 with f = [T0, Ta, p0, yNB,0 or M],  
(3)

Such a statistical model is useful not only for 
quickly predicting the safety limits for operating pa-
rameters, but also allows a quick determination of 
their uncertainty. For instance, the standard devia-
tion of the T0c (denoted by σT0c) can be evaluated 
approximately by using the error propagation for-
mula for the assumed uncorrelated parameters, as 
follows:

 
0

2

2 20
0; , ,

c j

c
T j a

j j

T M T pϕσ σ ϕ
ϕ

 ∂
= =  ∂ 

∑ , ... .  (4)

For the nominal conditions presented in Table 
1, the following parameter/control variable standard 
deviations of the control variable random fluctua-
tions are considered: σyNB,0

 = 0.02; σyM 
= 2 mol mol–1; 

σT0 
= 10 K; σTa 

= 10 K; σp0 
= 0.2 atm.

Results

Evaluate the joint failure probability index 
under parametric and safety limit uncertainty

During the reactor optimal set-point search, it 
is possible to determine, following the above proce-
dure for each proposed parameter vector with known 
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parameter standard deviations, the control variable 
runaway limit and its associated standard deviation 
σuc. Thus, a safety criterion can also be included in 
the optimization procedure, i.e., minimization of a 
runaway probability Pf (which varies in the range  
of [0,1]). Following the definition of Maria and 
Dan10,14, this objective function includes the double 
parametric and safety limit uncertainty in only one 
cumulative index. The evaluation of the runaway 
risk probability has been proposed by Maria and 
Dan10,14 in the form of:

 Pf  = Pf 1 + Pf 2 (5)

where:
i) the joint failure probability Pf 1 expresses the 

chance that the considered control variables will 
overpass the runaway boundaries as a consequence 
of the uncertainty in the safe operation limits, i.e.:  
uj() ≥ ujc(f) ± δuj,c(f,δf) for normal distributed 
runaway boundary uj,c ∼ N(uj,c(f), σ2

uj,c
), and operat-

ing parameters 2~ ( , )
jj jN jj j s ;

ii) the joint failure probability Pf 2 reflects the 
chance that uj ≥ uj,c(f) during operation due to the 
randomly (normally) fluctuating control variables 
uj,c ∼ N(uj, σ

2
uj
), i.e.:

  
  
  (6) 
  
 

( )

( )

1 , , ,

, 2 2,

2,

;

( ) ( ) ; ;

,

f N j c j j c j c j
j

j j j c f f j
j

f j N j j j j j

P P u d u u d

d u u P P

P P u d u u d

= − < < +

= − =

= − < < +

∑

∑ϕ ϕ

(where PN denotes the normal cumulative distribu-
tion function of the random variable). An overall 
joint failure probability results in the form Pf  =  
Pf 1 + Pf 2, equivalent to the ‘failure surface’ in the 
‘most probable failure point’ theory.10–15

In the considered case study, the parameter 
vector is f = [M, Ta, P0], while the control variables 
are

 u = [T0 (°C), p0 (atm), M (or yNB0), Ta (°C)].

Reactor optimization problem formulation  
and result discussion

An elegant and effective procedure for the 
multi-  objective reactor optimization is to obtain the 
set of Pareto optimal solutions, also called Pare-
to-front for the case of two adverse objectives. A 
Pareto solution is one where any improvement in 
one objective can only take place at the cost of an-
other objective. For continuous variables, an infini-
ty of Pareto-optimal solutions might exist, and the 
final solution choice is subjective and case-depen-
dent.

In the present study, two contrary objectives 
are considered, i.e. an economic objective related to 
reactor productivity vs. safety objective related to 
runaway failure probability, in the following formu-
lation:

 [ ^u0,  
^φ]

 ,0arg Max[ ]  arg Min[ ]NB fy P= ∧  (7)

subjected to the following technological constraints:
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Fig.  1 (a) Runaway boundaries (_) in the parametric plane [T0 vs. Ta] and its confidence band for parametric 

deviations jj    of 0P = 0.2 atm (1---), 0P = 0.4 atm (2---), M = 1.5 mol mol-1 (1---),  

M = 2 mol mol-1 (2---), aT = 2 K (1---), aT = 5 K (2---)(adapted following1). (b). Optimal Pareto 

operating policies for the tubular reactor, and some selected setpoints: nominal conditions of 

average runaway risk (N); operation of high risk-high productivity (1); operation of low risk-low 

productivity (2); Considered standard deviations of the control variable random fluctuations are 

,0yNB = 0.02; M = 2 mol mol-1; 0T = 10 K; Ta = 10 K;  0p = 0.2 atm. 

F i g .  1  – (a) Runaway boundaries (_) in the parametric plane [T0 vs. Ta] and its confidence band for parametric deviations φj ± δφj 
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average runaway risk (N); operation of high risk-high productivity (1); operation of low risk-low productivity (2); Considered stan-
dard deviations of the control variable random fluctuations are σyNB,0 = 0.02; σM = 2 mol mol–1; σT0 = 10 K; σTa = 10 K; σp0 = 0.2 atm.
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 300 < T0 < 350 (°C) 
 1.1 < p0 < 1.8 (atm) 
 0.024 < yNB,0 < 0.095 (molar fr.) (8) 
 220 < Ta < 350 (°C) 
 Tmax < 550 (°C)

When two opposite optimization criteria are 
used, an infinity of Pareto-optimal operating solu-
tions can be found for the tubular reactor, each one 
corresponding to certain criteria trade-off in terms 
of manipulated / control variables u0 = [T0, p0, M, Ta], 
i.e.,: inlet temperature(T0), inlet overall pressure 
(p0), inlet molar fraction of NB (yNB,0) or, equiva-
lently, M the inlet H2/NB molar ratio, and the cool-
ing agent temperature (Ta). The technological 
bounds of u0 are given in eq. (8). Uncertainties 
during optimization refer to the random fluctuations 
in the control variable setpoint, and are given below 
eq. (4) in terms of standard deviations.

The applied genetic algorithm implemented in 
MatlabTM (“gamultiobj” routine) leads to obtaining 
the Pareto optimal front of the previous mathemati-
cal formulation at the expense of a quite significant 
computing time (dozens of minutes on a common 

PC). An examination of the resulting Pareto optimal 
front plotted in Fig. 1(b) leads to the following con-
clusions:

i) To better interpret the Pareto front results, the 
location of the corresponding solution in the para-
metric space should be concomitantly investigated. 
This allows setting the selected reactor operation in 
the safety region, without crossing the confidence 
band of the safety limits (Fig. 1a).

ii) To illustrate the set point choice, three oper-
ating solutions have been selected from the Pareto 
front, as follows:
– The nominal operating point “N”, corresponding 

to the nominal reasonably high reactor productiv-
ity in aniline (i.e. for 6.264 % inlet molar fraction 
of NB), and of a reasonably small runaway risk 
of 1.7 %. This setpoint “N” corresponds to the 
following operating parameters:

 (N): [T0, p0, yNB,0, Ta]= [300 °C, 1.2 atm,  
0.06264, 274 °C], Pf = 1.7234 %; 

 yNB,0 = 0.06264 corresponds to  
M = 1/ yNB,0 – 1 = 15 molar H2/NB inlet ratio.
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Fig. 2 (Up-row) Axial profiles of the temperature, overall pressure, and conversion in the catalytic 
reactor for the nominal setpoint “N” of Fig. 1 and Table 1. (Down-row) Location of the nominal 
setpoint “N” and its uncertainty range in the [T0 vs Ta] operating parameter plane (left) and in the 
[p0 vs M] plane (right) compared to the runaway boundaries (solid lines) and their 68 % confidence 
bands (dashed lines). 
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F i g .  2  – (Up-row) Axial profiles of the temperature, overall pressure, and conversion in the catalytic reactor for the nominal set-
point “N” of Fig.  1 and Table 1. (Down-row) Location of the nominal setpoint “N” and its uncertainty range in the [T0 vs Ta] oper-
ating parameter plane (left) and in the [p0 vs M] plane (right) compared to the runaway boundaries (solid lines) and their 68 % 
confidence bands (dashed lines).



G. Maria et al., Derivation of Pareto Optimal Operating Policies…, Chem. Biochem. Eng. Q., 30 (3) 279–290 (2016) 287

 By simulating the reactor operation for the set-
point “N” conditions, and by plotting in Fig. 2 
the axial profiles of the state variables in the re-
actor, together with the setpoint location in the 
[T0 vs Ta], and in the [p0 vs M] operating parame-
ter planes, there are some conclusions to be de-
rived: the reactor operation is stable with no tem-
perature hot spot; the setpoint in the parametric 
plane is located very far from the runaway bound-
aries and their 68 % confidence bands, being no 
risk of stepping over them due to random fluctu-
ations in the setpoint control variables.

– The operating point “1” corresponding to a large 
AN productivity, i.e., 1.4-times larger than the 
nominal one, (i.e. for 0.092 inlet molar fraction 
of NB), but with the cost of a high runaway risk 
of 23 %. This high-risk setpoint “1” corresponds 
to the following operating parameters:

 (1):[T0, p0, yNB,0, Ta]= [300 °C, 1.2 atm, 0.092, 
300 °C], fP = 23.066 %

 yNB,0 = 0.092 corresponds to M= 1/ yNB,0 – 1 = 10 
molar H2/NB inlet ratio.

 By simulating the reactor operation for the set-
point “1” conditions, and by plotting in Fig. 3 the 
axial profiles of the state variables in the reactor, 
together with the setpoint location in the [T0 vs 
Ta], and in the [p0 vs M] operating parameter 
planes, there are some conclusions to be derived: 
the reactor operation is unstable due to the pres-
ence of a high temperature hot spot (of ca. 1000 
K), while the setpoint in the parametric plane is 
located very close to the runaway boundaries and 
in the 68 % confidence bands of the runaway 
boundaries, being of very high risk of process 
runaway even for small random fluctuations in 
the setpoint control variables, i.e., smaller than 
their standard deviations.

 Consequently, in spite of a high AN productivity, 
the operating point “1” cannot be selected as a 
feasible setpoint.

– The operating point “2” corresponding to a large 
AN productivity, that is of 1.15-times higher than 
the nominal one, (i.e. for 7.176 % inlet molar 
fraction of NB), with a slight increase in the run-
away risk, i.e. up to 5.6 %.

F i g .  3  – (Up-row) Axial profiles of the temperature, overall pressure, and conversion in the catalytic reactor for the nominal set-
point of high-risk “1” of F i g .  1 . (Down-row) Location of the setpoint of high-risk “1” and its uncertainty range in the [T0 vs Ta] 
operating parameter plane (left) and in the [p0 vs M] plane (right) compared to the runaway boundaries (solid lines) and their 68 % 
confidence bands (dashed lines).
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Fig. 3 (Up-row) Axial profiles of the temperature, overall pressure, and conversion in the catalytic 
reactor for the nominal setpoint of high-risk “1” of Fig. 1. (Down -row) Location of the setpoint of 
high-risk “1” and its uncertainty range in the [T0 vs Ta] operating parameter plane (left) and in the 
[p0 vs M] plane (right) compared to the runaway boundaries (solid lines) and their 68 % confidence 
bands (dashed lines). 
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 (2):[T0, p0, yNB,0, Ta]= [300 °C, 1.2 atm, 0.07176, 
274 °C], Pf = 5.5934 %

 yNB,0 = 0.092 corresponds to M= 1/ yNB,0 – 1 = 13 
molar H2/NB inlet ratio.

 Reactor operation in the setpoint “2” conditions 
is stable; the setpoint in the parametric plane is 
located very far from the runaway boundaries 
and their 68 % confidence bands, being of no risk 
to process runaway due to random fluctuations in 
the setpoint control variables.

 Consequently, for highly sensitive reactors, sub-
jective selection of the optimal operating policy 
(setpoint) by only using the Pareto-front plot, 
without considering the setpoint location in the 
parametric space, and its distance to runaway 
boundaries and their 68 % confidence bands, is 
risky. The setpoint choice is even more difficult 
when any clear “break-point” in the Pareto front 
has been identified (where a sharp increase in the 
failure probability occurrs at a small rise in the 
productivity goal).

iii) The results obtained using the Pareto front 
indicate three reactor operating regions (Fig. 1b): a 
region close to the nominal point of a reasonable 
productivity and assumed small risk (N); high pro-
ductivity but of very high risk reactor operating re-
gion near the setpoint (1); a small productivity but 
of small risk reactor operating region near the set-
point (2).

iv) The optimal control variables must be kept 
far away from the runaway boundaries )(uc φ , but 
also from their confidence region )(uc φ ± cuσ  in 
order to obtain prudent operation of the sensitive 
tubular reactor.

v) The operating alternatives can be drastically 
reduced if a supplementary criterion is considered 
during optimization [of economic or environmental 
nature, e.g. costs of the simulated accident conse-
quences for various failure scenarios].8,9

Conclusions

Choosing a multi-objective optimal operating 
policy for a chemical reactor is a difficult task. Al-
though different optimization methods can be ap-
plied in order to mathematically determine the 
problem solution locus, the final decision depends 
on subjective priorities, and the parametric/model 
uncertainty level.

The applied model-based methodology of Ma-
ria and Dan10–14 to obtain an optimal operating poli-
cy for the studied tubular reactor accounts for an 
economic but also a probabilistic risk index. The 
procedure, even if computationally intensive, was 

proven simple and robust, being easily implement-
able on a common computer.

The selected multi-objective optimal operating 
policy of the reactor (the so-called Pareto front) is 
in fact a trade-off between opposite economic (reac-
tor productivity) and safety criteria, but also ac-
counts for the technological constraints, the safety 
boundary uncertainty, and the random fluctuations 
in the control variables. As a conclusion, the recom-
mended optimal operation must be rather focused 
on more prudent operating conditions, searching for 
running points where the parameter disturbances do 
not lead to crossing the confidence region of the 
safety limits for all the control and operating vari-
ables, while keeping a reasonably small runaway 
probability (below 10 % in the studied case).
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N o t a t i o n s  l i s t

B – reaction violence index
cj – molar concentration of species j
cp,j – molar specific heat of gaseous species j
cpg – average specific heat of gas
dp – particle diameter
dt – reactor tube inner diameter
Def – effective diffusivity in the particle
Dm, Dj – molecular diffusivity of species j
E – activation energy
Fm – mass flow rate
FM – molar flow rate
f – friction factor
G – Green’s function matrix of the system
g – model function vector
–∆H – heat of reaction (at local temperature)
hfp – gas-particle heat transfer coefficient
J – Jacobian matrix of the system
k – kinetic constant
kfp – gas-particle mass transfer coefficient
L – reactor length
M – molar fed ratio (moles H2/NB), or molecular 

weight
n, m – partial orders of reaction
p – overall pressure
p0c – critical inlet pressure
pj – partial pressure of gaseous component j
r – chemical reaction rate
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Rg – universal gas constant
St – tubular reactor cross-section
s(y; φ) – absolute sensitivity, ∂y(z) / ∂φ
S(y; φ) – normalized sensitivity, (φ*/y*)s(y; φ)
T – temperature
T0 – inlet temperature
Ta – average temperature of the external cooling 

agent
T0c – critical inlet temperature
Tmax – maximum temperature in the reactor
TMRad – time to maximum rate under adiabatic condi-

tions
∆Tad – adiabatic temperature rise
t – time
U – overall heat transfer coefficient
u, u0 – control variable, or gas superficial velocity
Xj – reactant j conversion
y, yj – state variable, or molar fraction of gas com-

ponent j
z – reactor axial coordinate
∆ – finite difference
ε – catalyst porosity
δ – random variation
φ – operating parameter
η – effectiveness factor for solid particle
λt, λg, λ – thermal conductivity of the tube material or 

gas; 
ρc – catalyst density (bulk)
ρg – gas mixture density
ρp – catalyst particle density
σ2 – variance (σ = standard deviation)
τ – tortuosity factor of the catalyst; contact time
τad – adiabatic induction time to explosion
Φ – Thiele modulus

A b b r e v i a t i o n s

A – aniline (vapour)
H – hydrogen
MV – Morbidelli-Varma criterion
NB – nitrobenzene (vapour)
ODE – ordinary differential equations
W – water (vapour)
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