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ABSTRACT

Numerical analysis was presented in this current work for fluid flow and a steady natural convection heat transfer 
in a graphite/epoxy laminated composite annulus enclosure of three dimensions. Carbon nanotubes with base fluid 
of water and ethylene glycol were considered for simulation. The nanofluid flow pass through glass beads like a 
porous medium in the midst of two horizontal coaxial cylinders, in addition to fins which were attached to the inner 
hot cylinder. The solution of governing equations was presented by using finite difference approximation; 
furthermore, the results were gotten by employing the MATLAB software. The results described  in expressions of 
local Nusselt number, temperature fields and the rate of Nusselt number on the hot wall and cold wall cylinders 
with developed Rayleigh number (10 𝑅𝑎 1000), nanotubes volume fraction (0   0.4), and abased fluid of 
ethylene glycol and water in percent of (0 EG  90). It could be concluded that by raising the Rayleigh number, the 
rate Nusselt number increased. Moreover, adding of carbon nanotubes on base fluid cause to improve flow strength 
with the heat transfer. The main reason of the improvement of heat transfer was the presence of carbon nanotubes 
with high value of Rayleigh number which was more considerable than carbon nanotubes with low value of Rayleigh 
number. 
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1. INTRODUCTION 

Free convection heat transfer has a great role in the engineering fields like 
thermal systems, electronic cooling and heat exchangers. Improvement of 
heat transfer in the previous fields is important for the energy saving and 
industrial applications. Employing nano-scale particles into the base fluid 
is a novel method to improve the process of heat transfer. Nanofluid can 
be defined as a mixture of nano-sized particles which are suspended in a 
base fluid, the major aim of using nanofluid is to improve the heat transfer 
rate and this could be carry out by using the higher thermal conductivity 
of nanofluid in contrast with the base fluid. Nanofluids have numerous 
applications in heat transfer field such as solar collectors, geothermal and 
oil recovery, heat exchangers, building construction, which is concerned 
with the free convective flow in porous medium. Nanofluids are 
considered to have great potential for heat transfer enhancement. The 
convective heat transfer in nanofluid was investigated in many papers. 
Recently, numerous studies are finished in this field to examine and 
illuminate the cause of the improvement in heat transfer when the 
nanofluid is used as the working fluid. 

A researcher explained a novel technique to enhance the heat transfer 
fluid by using a mixture of base fluid with nanoparticles [1].  Other group 
researchers used Cu–water with Al2o3–water nanofluids to measure the 
thermal conductivity [2]. The authors found that by raising the solid 
volume fraction, the nanofluids thermal conductivity characteristic 
increased. The authors also discussed the size influence, structure 
dependent behavior and the surface area on nanofluid thermal 
conductivity. A studied numerically the improvement of heat transfer in 
2D enclosure by utilizing nanofluids with many different factors [3]. They 
examined various models for thermal expansion coefficients, nanofluid 
viscosity and density. The results showed that the increase of the heat 

transfer average with any given Grashof, s number since the existence of 
suspended nanoparticles. The researches concern on the changing of the 
types of nanoparticles used, based fluids, and the nanoparticles volume 
fraction etc. have been reported to convective heat transfer coefficient [4–
7]. 

Some researchers analyzed numerically via various kinds of nanoparticles 
(Cu, Ag and TiO2) the heat transfer along a facing step backward [8]. He 
used a finite volume technique and results improved the enhancement for 
the Nusselt number at the lower wall and upper wall for the Cu 
nanoparticles case. Also, the rate of Nusselt number increased with the 
entire range of Reynolds number with the nanoparticles volume fraction. 
Fluid flow and Heat transfer because of forces of buoyancy in a partially 
heated enclosure by utilizing nanofluids was introduced [9]. Various Kinds 
of nanoparticles were tested for Rayleigh number (103  Ra  5 105) with 
volume fraction of nanoparticles (0  φ  0.2) and aspect ratio (0.5−2). The 
researchers discovered that the rate of Nusselt number was increased for 
the all range of Rayleigh number with the nanoparticles volume fraction, 
the maximum values were gotten when the using nanoparticles of Cu. 
Furthermore, the researchers demonstrated the improvement of heat 
transfer, via nanofluids, was greater with low value of aspect ratio in 
contrast with high value of aspect ratio. Flow field and Heat transfer in a 
wavy channel with the presence of nano-fluid was discussed numerically 
[10]. They have conducted their study for a copper–water nano-fluid over 
a range of Re (5−1500), (0  φ  0.2) and the wave amplitude  (0−0.3). 
The results showed the heat transfer in channels improved by using wavy 
horizontal walls and adding of nanoparticles, which could develop the heat 
transfer up to 50%. A group scientist discussed the nanofluid influence on 
the fluid flow and free convection heat transfer across a circular pipe with 
an inner heat generating solid circular rod [11]. It could be noticed that 
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with higher Rayleigh numbers, the raisng of the solid concentration had 
more influence on the Nusselt number rate. Also, they investigated the 
influence of the angle of inclination and indicated that the minimum level 
of fluid temperature and the highest rate of Nusselt number were gotten 
at γ=0°. Heat transfer and free convection fluid flow within C−shaped 
enclosures full of Cu−Water nanofluid carried out [12].  

They explained that by decreasing the cavity aspect ratio, the average of 
heat transfer increased. Furthermore, they demonstrated that by raising 
in volume fraction of nanoparticles, the average heat transfer raised. Saleh 
discussed numerically the natural convection heat transfer of TiO2 
nanofluid with base fluid of Ethylene glycol (EG) and water in a horizontal 
annulus between two coaxial cylinders [13]. The annulus material was 
fabricated of Graphite/epoxy laminated composite materials. Results 
showed 43% improvement in heat transfer would be obtained when 90% 
EG in water will be used with modified Rayleigh number 𝑅𝑎=1000 and 
φ=0.4. AL- Hafidh and AL Zubaidy took the water like a based fluid in an 
annulus enclosure of a 3D full of silica sand like a porous media in the 
midst of two horizontal concentric cylinders to study numerically the free 
convection of heat transfer [14-19]. Fins were attached to the inner 
cylinder and the factors affected on the system are the volume fraction, 
cylinders radius ratio Rr and modified Rayleigh number 𝑅𝑎. A studied 
numerically and analytically the stable mixed convection flow of the 
Jeffrey nanofluid in the vertical enclosure bounded by parallel plates with 
asymmetrical thermal and nanoparticle concentration conditions [20]. 
The gotten results gave the heat transfer improvement into enclosure 
utilizing nanofluids for different pertinent factors. Also, it was noticed that 
the velocity reduced in the cold wall and raised in the hot wall with 
increasing Jeffrey parameter. For the current study, the natural convection 
heat transfer of nanofluid taking the water as based fluid with carbon 
nanotube in an annulus enclosure of a three-dimension filled with glass 
beads like a porous medium between two horizontal concentric cylinders 
is investigated. 
2. GOVERNING EQUATIONS AND PROBLEM FORMULATION

Consider a schematic diagram and the system of cylindrical coordinate 
employed in the solution of the problem, as illustrated in Figure 1. 
Graphite/epoxy laminated composite material is taken into consideration 
in the present research. The geometry of lamina like a cylindrical shell and 
fibers have been wound around the cylinder in every lamina [21]. The 
space of the enclosure is filled with the based fluid of water and ethylene 
glycol containing carbon nanotubes. The nanofluid flow in the annulus 
enclosure of a three dimension is passed through a glass beads as porous 
medium. The inner solid circular cylinder with radii 𝑟1 represents a heat 
generating, and there are twelve fins attached to it. The nanofluid flow is 
assumed incompressible, steady, Newtonian, and laminar. It is suggested 
that the base fluid and the nanotubes are in thermal equilibrium and there 
is not a slip happens among them. Nanotubes have a uniform size and 
geometry. 

The equations governing heat transfer and free convection fluid flow in the 
porous medium (Darcy flow model) are momentum, continuity and 
equations of energy which are obtained after invoking Boussinesq 
approximation [15]. These equations are transformed to dimensionless 
equations as Fukuda et al. 1980 in expressions of the stream function-
vorticity equations are [19]:  
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Figure 1: Geometry and coordinates system. 

𝑅𝑎∗ Pr∗ 𝐴 ∗ (cos ∅  
𝜕𝜃

𝜕𝑍
) = −

𝜕2∅

𝜕𝑍2 −
𝜕2∅

𝜕𝑅2 −
1

𝑅2

𝜕2∅

𝜕∅2 −
2

𝑅2

𝜕𝑟

𝜕∅
+

∅

𝑅2 −

1

𝑅

𝜕∅

𝜕𝑅
 (3) 

−
𝑅𝑎∗ 𝑃𝑟∗𝐴 

𝛼𝑛𝑓
(

1

𝑅
cos ∅  

𝜕𝜃

𝜕∅
+ sin ∅ 

𝜕𝜃

𝜕𝑅
) = −

𝜕2𝑧

𝜕𝑅2 −
1

𝑅

𝜕𝑧

𝜕𝑅
−

1

𝑅2

𝜕2𝑧

𝜕∅2 −

𝜕2𝑧

𝜕𝑍2   (4) 

Where A=
𝛼𝑓

𝛼𝑛𝑓
[(1 − 𝜑) + 𝜑

(𝜌𝛽)𝑠

(𝜌𝛽)𝑓
] (1 − 𝜑)2.5 

Energy equation 

(
1

𝑅

𝜕𝑧

𝜕∅
−

𝜕∅

𝜕𝑍
)

𝜕𝜃

𝜕𝑅
+

1

𝑅
(

𝜕𝑟

𝜕𝑍
−

𝜕𝑧

𝜕𝑅
)

𝜕𝜃

𝜕∅
+ (

∅

𝑅
+

𝜕∅

𝜕𝑅
−

1

𝑅

𝜕𝑟

𝜕∅
)

𝜕𝜃

𝜕𝑍
=

𝛼𝑛𝑓

𝑟2
(

𝜕2𝜃

𝜕𝑅2 +
1

𝑅

𝜕𝜃

𝜕𝑅
+

1

𝑅2

𝜕2𝜃

𝜕∅2 +
𝜕2𝜃

𝜕𝑍2)    (5) 

And fin equation will be [16]: 
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The base fluid dynamic viscosity 𝜇𝑓 is approximated like nanofluid 

dynamic viscosity including soft carbon nanotube particles which is 
suspended and presented by [17]: 
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The influential density𝜌𝑛𝑓, heat capacitance(𝜌𝐶𝑝)𝑛𝑓, volumetric expansion 

coefficient (𝜌𝛽)𝑛𝑓, and influential thermal conductivity of the nanofluid 

𝑘𝑛𝑓, presnted as below [3]: 

𝜌𝑛𝑓 = (1 − 𝜑)𝜌𝑓 + 𝜑 𝜌𝑠  (8) 

(𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜑)(𝜌𝐶𝑝)𝑓 + (𝜌𝐶𝑝)𝑠   (9) 

(𝜌𝛽)𝑛𝑓 = (1 − 𝜑)(𝜌𝛽)𝑓 + (𝜌𝛽)𝑠  (10) 

𝑘𝑛𝑓

𝑘𝑓
=

(𝑘𝑠+2𝑘𝑓)−2𝜑(𝑘𝑓−𝑘𝑠)

(𝑘𝑓+2𝑘𝑠)+𝜑(𝑘𝑓−𝑘𝑠)
   (11)  

The factor of thermal expansion of the nanofluid is presented as below: 
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The vector potential field  with boundary conditions are dimensionless, 
which are used in the solution of the equations (1)– (6) are illustrates in 
figure 2. 

Figure 2: Enclosure and fins boundary conditions. 

According to Saleh, for the outer cold cylinder the inner hot cylinder, the 
Nusselt number rate is written as [13]: 
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3. COMPUTATIONAL TECHNIQUE

A mat lab computer program was used for the computations in this study. 
Equations (1)–(6), with corresponding boundary conditions are 
transformed employing for left hand side of the energy formula, the 
upwind differential approach and to the else expressions, the centered – 
space differential approach  to get the solution  using (SOR) approach, the 
simulations of fluid flow and heat transfer can be shown in [18]. The 
approach has been used on the grids of cylindrical collocated, the network 
points number utilized was (21 in the r – orientation, 31 in the  – 
orientation, and 301 in the Z – orientation). The  value evaluated at every 
node, which the value is unknown. On the right side of every formula, other 
node appears. Grid resolution effectiveness was tested by running various 
combinations of 𝑅𝑎∗, EG, and  on the grid. 

4. RESULTS AND DISCUSSION

This paper is essentially concern on the effect of adding of very fine carbon 
nanotubes to porous media with fluid on the free convection fluid flow and 
heat transfer behavior in the horizontal annular enclosure. The results are 
presented in expressions of temperature fields and flow which includes 
isotherms and streamlines inside the enclosure, the local Nusselt number 
and rate Nusselt number on the outer cold wall beside inner hot wall of 
enclosure.  

Figure 3 up to Figure 11 illustrates streamlines contour and isotherms in 
(Z-R) and (R-ϕ) planes for several values of volume fraction with Rayleigh 
number of carbon nanotubes for the case of volume percent ethylene 
glycol EG=90%. As can be seen from figures 3–5, isotherms move to the 
outer wall when developed Rayleigh number raised for clear fluid with 
value of volume fraction equal zero. It is clear that a thicker cold layer 
which is close to the lower wall of cylinder and a high temperature field 
moves upward and this occured because of   increasing the 𝑅𝑎∗ result raise 
of heat transfer. In all figures there is waviness in the distribution of 
temperatures because of the presence of annular fins. The deformation of 
the isothermal lines from the conductive behavior and become more 
curvilinear explanative that a rising and there is a decreased convective 
flows exhibit. The distribution of the sreamlines within the enclosure for 
low Rayleigh numbers, isotherm on the left while the streamline on the 
right and in (R-ϕ) plane, and it can be observed  that there is a  
symmetrical flow pattern around the enclosure’s centerline. the 
streamlines became more densely near to the low of the enclosure by 
increase in the 𝑅𝑎∗  as contrast to its top. 
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Figure 3: isothermals with Temperature streamlines for 𝑅𝑎∗=10, φ=0, EG=90%. 

Figure 4: isotherms with Temperature streamlines for 𝑅𝑎∗=500, φ=0, EG=90%. 

Figure 5: streamlines with Temperature isotherms for 𝑅𝑎∗=1000, φ=0, EG=90%. 
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Figure 6 to figure 11 illustrates the volume fraction effectiveness of carbon 
nanotubes on flow fields and temperature distributions. It can notice from 
these figures, adding nanotubes cause to enhance natural heat transfer. 
The isothermal lines in the upper of the cylinder receded and move close 
to the wall, when the cold area in the lower side of the enclosure expanded 

due to the temperature decrease in this place. This behavior is indicated 
that more fluid was heated for higher values of volume fraction of 
nanotubes. By rising of volume fraction of nanoparticles, flow strength 
would be increase. 

Figure 6: streamlines with Temperature isotherms for 𝑅𝑎∗=10, φ=0.2, EG=90%. 

Figure 7: streamlines with Temperature isotherms  for 𝑅𝑎∗=10, φ=0.4, EG=90%. 

Figure 8: Streamlines with Temperature isotherms for 𝑅𝑎∗=500, φ=0.2, EG=90%. 
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Figure 9: Streamlines with Temperature isotherms  for 𝑅𝑎∗=500, φ=0.4, EG=90%. 

Figure 10: Streamlines with Temperature isotherms for 𝑅𝑎∗=1000, φ=0.2, EG=90%. 

Figure 11: streamlines with Temperature isotherms for 𝑅𝑎∗=1000, φ=0.4,  EG=90% 

Figure 12 to figure 17 illustrate the addition of nanotubes effectiveness on 
the local Nusselt number by using various values of Rayleigh number. By 
contrast Figure. 12 for φ=0 to Figure. 13 after adding nanotubes with 
φ=0.4, there is considerable improvement of heat transfer with no 
uniformity in 𝑁𝑢𝑙𝑜𝑐𝑎𝑙 distribution. Wavy distribution in the curve since the 

presence of the fins on the inner hot cylinder. In addition to Rayleigh 
number increases as shown in Figure 15 and Figure 17, there is more 
improvement in heat transfer. The existence influence of the nanotubes in 
the base fluid are clearly apparent at 𝑅𝑎=1000.
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Figure 12: local Nusselt number difference over the length of cylinder  for 𝑅𝑎∗=10, φ=0, and EG=90%. 

Figure 13: local Nusselt number difference over the length of cylinder for 𝑅𝑎∗=10, φ=0.4, and EG=90%. 

Figure 14: local Nusselt number difference over the length of cylinder  for 𝑅𝑎∗=500, φ=0, and EG=90%. 
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Figure 15: local Nusselt number difference over the length of cylinder for 𝑅𝑎∗=500, φ=0.4, and EG=90%. 

Figure 16: local Nusselt number difference over the length of cylinder for 𝑅𝑎∗=1000, φ=0, and EG=90%. 

Figure 17: local Nusselt number difference over the cylinder length with  𝑅𝑎∗=1000, φ=0.4, and EG=90%. 

Local Nusselt number distribution over the length of cylinder and in the 
angular direction for EG=90% and 𝑅𝑎=10 and 1000 are illustrated in 
Figure 18 to figure 21. As shown in figures, the local heat transfer for 
carbon nanotubes =0.4 is more significant than at =0 for all the domain 
of Rayleigh number. Wavy distribution in the curve happened since the 
fins existence on the cylinder inner hot. Also noted in Figure 20 and 21, by 

raising Ra*, the maximum value of the 𝑁𝑢𝑙𝑜𝑐𝑎𝑙 number increases, so the 
region with the blue color becomes wider because of the improvement in 
heat transfer. The side of the red color is on the hot cylinder. The model of 
profile of Nusselt number over the cylinder length is uniform due to the 
cylinder is horizontal.
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Figure 18: Nusselt number distribution over the length of cylinder and in angular direction for 𝑅𝑎=10, φ=0, and EG=90% 

Figure 19: Nusselt number distribution over the length of cylinder and in angular direction for 𝑅𝑎=10, φ=0.4, and  EG=90%. 

Figure 20: Nusselt number distribution over the length of cylinder and in angular direction for 𝑅𝑎=1000, φ=0, and  EG=90%. 
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Figure 21: Nusselt number distribution over the length of cylinder and in angular direction for 𝑅𝑎=1000, φ=0.4, and  EG=90%. 

Figure 22 and Figure 23 present the Nusselt number rate difference 
influence on the hot and cold cylinders for modified Rayleigh number in 
addition to various carbon nanotubes volume fractions. Results are 
presented for the base fluid of water with 90% ethylene glycol. Figures 
showed that Nu rate rises by rising in Rayleigh number for all volume 
fractions of carbon nanotubes. For =0, the lowest average Nu was 
obtained for cold and hot cylinders, but the tendency is more influenced 

by the increasing of the nanotubes volume fraction. The maximum rate Nu 
happens for =0.4 especially at maximum 𝑅𝑎  because of the rising of 
convection heat transfer mode domination. The heat transfer 
improvement because of adding of nanotubes with high 𝑅𝑎  is greater in 
effect than adding of nanotubes with low𝑅𝑎. 

Figure 22: Difference   of  𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎 on the cold cylinder for different volume fraction and EG=90%. 

Figure 23: Variation of  𝑁𝑢𝑎𝑣𝑔 with 𝑅𝑎 on the hot cylinder for different volume fraction and EG=90%. 
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The difference of the rate Nu with the percent of ethylene glycol on the 
cold and hot cylinders for various volume fraction is illustrated in Figure 
24 to Figure 27 for Ra*=500 and 1000. It is clear that from these figures, 

adding ethylene glycol to water cause to enhance heat transfer. 
Water/ethylene glycol in percent of 90% for φ=0.4 cause an enhancement 
of heat transfer more significant than at EG=0%. 

Figure 24: The variation of 𝑁𝑢𝑎𝑣𝑔 with the % of EG in water on the cold cylinder for different volume fraction and Ra*=500. 

Figure 25: The difference of 𝑁𝑢𝑎𝑣𝑔 with the % of EG in water on the hot cylinder for various volume fraction and Ra*=500. 

Figure 26: The difference of 𝑁𝑢𝑎𝑣𝑔 with the % of EG in water on the cold cylinder for different volume fraction and Ra*=1000. 

Figure 28 illustrated a contrast between the rate Nusselt numbers gotten 
by this paper and those obtained by Saleh for different volume fraction. 

Obviously, a good agreement occurs among this paper’s results in 
comparison with those of Saleh [13]. 
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Figure 28: contrast between the current present results of the rate Nusselt number for various volume fractions with the results of Saleh [13]. 

5. CONCLUSIONS 

The main conclusions were obtained from this paper: 

1. Rising the value of developed Rayleigh number and/or adding of carbon 
nanotubes on base fluid cause to enhance natural heat transfer and flow 
strength. 

2. The results proved by increasing 𝑅𝑎 the Nusselt number raised and 
furthermore increased by raising nanotubes volume fraction. 

3. The maximum average Nusselt number occurs at =0.4 and 𝑅𝑎 = 1000 

for hot and cold cylinder. Whereas, the lowest average Nusselt number 

observed at =0 and 𝑅𝑎 = 10. 

4. It was found that the adding of ethylene glycol in percent of 90% to 

water cause to enhance heat transfer more than at EG=0%. 

5. The improvment of heat transfer because of the presence of carbon 
nanotubes at high  𝑅𝑎 is more considerable in contrast with low 𝑅𝑎. 
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