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Linear constant coefficient difference equations 

A subclass of linear shift invariant systems are those for which the input x(n) and output y(n) 

satisfy an Nth order linear constant coefficient difference equation, given by 

∑ 𝑎𝑘 𝑦(𝑛 − 𝑘)

𝑁

𝑘=0

= ∑ 𝑏𝑟 𝑥(𝑛 − 𝑟)

𝑀

𝑟=0

 , 𝑎0 ≠ 0 

If the system is causal, then we can rearrange the equation above to provide a computational 

realization of the system as follows: 

𝑦(𝑛) = − ∑
𝑎𝑘

𝑎0
 𝑦(𝑛 − 𝑘)

𝑁

𝑘=1

+ ∑
𝑏𝑟

𝑎0
 𝑥(𝑛 − 𝑟)

𝑀

𝑟=0

 

 

Example 

Solve the following difference equation for y(n), assuming y(n) = 0 for all n < 0 and x(n) = δ(n). 

y(n) – a y(n-1) = x(n) 

This corresponds to calculate the response of the system when excited by an impulse, assuming 

zero initial conditions.  

Solution: 

y(n) – a y(n-1) = x(n) 

 

Evaluating when n = 0,         y(0) = a y(-1) + x(0) = 1 

                         n = 1,         y(1) = a y(0) + x(1) = a 

                         n = 2,         y(2) = a y(1) + x(2) = a2 

Continuing this process it is easy to see for all n ≥ 0 that y(n) = an 

Since the response of the system for n < 0 is defined to be zero, the unit sample response 

becomes  

h(n) = an u(n) 
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Example 

Given the first order linear constant coefficient difference equation  

y(n) = a y(n-1) + x(n) 

find the impulse response of the system by first finding the system function H(z) and then taking 

the inverse transform. Assuming the system is causal. 

Solution: 

y(n) = a y(n-1) + x(n) 

Y(z) = a z-1Y(z) + X(z)        ;     Y(z)(1 – a z-1) = X(z) 

 𝐻(𝑧) =
𝑌(𝑧)

𝑋(𝑧)
=

1

1−𝑎 𝑧−1 =
𝑧

𝑧−𝑎
  

By the causality requirement, the inverse transform of H(z) is a positive time exponential and 

with the ROC z > a, then, h(n) becomes 

h(n) = z-1{
𝒛

𝒛−𝒂
} = an u(n) 

 

Transfer Function (System Function) 

The output y(n) of LTI system to an input sequence x(n) can be obtained by computing the 

convolution of x(n) with the unit sample (Impulse) response h(n) of the system. 

y(n) = h(n) * x(n) 

Expressing this relationship in the z-domain as 

Y(z) = H(z) X(z) 

Impulse Response:  

𝑯(𝒛) =
𝒀(𝒛)

𝑿(𝒛)
 

The LTI system can be described by means of a constant coefficient linear difference equation as 

follows:  
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The transfer function of the LTI system, 

 

 

Example 

Determine the transfer function and the impulse response of the following system: 

y(n) = ½ y(n-1) +2x(n) 

Solution: 

Z-transform                                      Y(z) = ½ 𝒛−𝟏 Y(z)+ 2X(z) 

Transfer function                                  
𝐘(𝐳)

𝐗(𝐳)
 = H(z) = 

𝟐

𝟏−
𝟏

𝟐
 𝐳−𝟏

  

The inverse transform                    h(n) = 2(½)𝒏 u(n) 

Example  

Find the response of the system y(n) = x(n+1) + x(n) + x(n-1), then find the system function in 

z-domain. 

Solution: 

y(n) = x(n+1) + x(n) + x(n-1) 

Y(z) = X(z) 𝑧1 + X(z) + X(z) 𝑧−1 

Y(z) = X(z) [𝐳𝟏 +1 + 𝐳−𝟏]     system response 

H(z) = 
𝒀(𝒛)

𝑿(𝒛)
 = 𝒛𝟏 +1 + 𝒛−𝟏      system function 

Example 

Find the difference equation realization and the frequency response of the system represented by 

the following causal system function     H(z) = 
(𝑧+1)

(𝑧2−2𝑧+3)
  



H S Rashid (Lecture10)                                              DSP                                                        Difference equations 
Academic Year 2015/2016                                                                                                     and Transfer function 

Page 4 of 4 
January 16 

Solution: 

H(z) = 
𝑌(𝑧)

𝑋(𝑧)
 = 

(𝑧+1)

(𝑧2−2𝑧+3)
  = 

𝑧−1+ 𝑧−2

1−2𝑧−1+3𝑧−2  ; now cross multiply  

Y(z)(1 − 2𝑧−1 + 3𝑧−2) = X(z)(𝑧−1 +  𝑧−2) 

By taking the 𝑧−1 yields the difference equation  

y(n) – 2y(n-1) + 3y(n-2) = x(n-1) + x(n-2) 

y(n) = 2y(n-1) - 3y(n-2) + x(n-1) + x(n-2) 

The freq. response H(𝑒𝑗𝜔) obtained by letting z=𝑒𝑗𝜔 

H(𝒆𝒋𝝎) = 
(𝑧+1)

(𝑧2−2𝑧+3)
 = 

𝒆𝒋𝝎+𝟏

𝒆𝟐𝒋𝝎−𝟐𝒆𝒋𝝎+𝟑
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


