Electric current (I): is the rate of movement of charge through a conductor.
_ ¢

r

I

Generally, if | is the current in amperes and t the time in seconds during which the
current flows, then I xt represents the quantity of electrical charge in coulombs,

1 ampere = 1 coulomb per second.

potential difference (p.d.) or voltage (V): For a continuous current to flow between
two points in a circuit a potential difference (p.d.) or voltage, V, is required between
them; a complete conducting path is necessary to and from the source of electrical
energy. The unit of p.d. is the volt, v.

Resistance (R): The flow of electric current is subject to friction. This friction, or
opposition, is called resistance R and is the property of a conductor that limits
current. The unit of resistance is the ohm (€2); 1 ohm is defined as the resistance
which will have a current of 1 ampere flowing through it when 1 volt is connected
across it.

Conductance (G): is the reciprocal of resistance and is measured in mho ( ) or
siemens (S). Thus

|
R
Power (P): The unit of power is the watt (W) where one watt is one joule per second.
Power is defined as the rate of doing work or transferring energy. Thus,

Cr

where W is the work done or energy transferred, in joules, and t is the time, in
seconds. Thus,
energy, in joules, W =Pt

Multiples and submultiples of units:

S| units may be made larger or smaller by using prefixes which denote
multiplication or division by a particular amount. The eight most common multiples
and submultiples, with their meaning, are listed below:

Prefix Name Meaning
T tera multiply by 1 000 000 000 000 (i.e.x10")
G gega multiply by 1 000 000 000 (i.e.x10?)
M mega multiply by 1 000 000 (i.e.x10°
k kilo multiply by 1000 (i.e. x10°)
m milli divide by 1000 (i.e. x107)
M micro divide by 1 000 000 (i.e. x10°°)
N nano divide by 1 000 000 000 (i.e. x10°%)
P pico divide by 1 000 000 000 000 (i.e. x10™%)
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Sources
Ideal voltage and current sources can be further described as either
independent sources or dependent sources.
Independent source: in which the value of the voltage or current supplied is
specified by the value of the independent source alone.
¢ Independent voltage source: An ideal voltage source is independent of the
current through it. If a copper wire were connected across its ends the current
through it would be infinite. The symbol for an ideal voltage source is shown
in Fig.1.

po—— )8 Ao ||

EorV EorV
Fig.1
¢ Independent current source: An ideal current source is independent of the
voltage across it and if its two ends are not connected to an external circuit the
potential difference across it would be infinite. The symbol for a current
generator is shown in Fig. 2..

|

g ————

I
Fig.2
Dependent source (or controlled source): in which the value of the voltage or
current cannot specify unless we know the value of the voltage or current
on which it depends in the circuit.

e Dependent voltage source: The symbol for a dependent voltage source is
shown in Fig. 3.

e Dependent current source: The symbol for a dependent current source is
shown in Fig. 4.

N
N
JI.' Ijr :l':r .) JI.' I_'i"

Vs =a Vy

Fig. 3 Fig. 4
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1- Ohms law

1.1 Ohms law:

Ohm’s law states that the current (I) flowing in a circuit is directly
proportional to the applied voltage (V) and inversely proportional to the resistance R,
provided the temperature remains constant. Thus,

Examplel.1l: The current flowing through a resistor is 0.8A when a p.d. of 20V is
applied. Determine the value of the resistance.
Solution:

oo R V.20 200
resistance K = T = ﬁ = T = s
Examplel.2: Determine the p.d. which must be applied to a 2 kQ resistor in order
that a current of 10mA may flow.

Solution:

Resistance & = 2462 = 2 % 10° = 2000 ©

Current] = 10mA = 10 x 107" A
V=IR={0.012000) =20V
Examplel.3: A coil has a current of 50mA flowing through it when the applied
voltage is 12V. What is the resistance of the coil?

Solution:
12

Resistance, R — — — ———
eslstance Jl' 5{] ” “:}_.-_,'

_ 12107 12000

- 50 T 50
Examplel.4: A 100V battery is connected across a resistor and causes a current of
5mA to flow. Determine the resistance of the resistor. If the voltage is now reduced to

25V, what will be the new value of the current flowing?
Solution:

=XoQ

100 100 x 107

5x 10— 5

V
Resistance R = — =

—20 % 107 =20k

Current when voltage is reduced to 25V,

_r_ _ = i
_R__El]:w:]{l-*_.? = 10 =1.25mA

1.2 Electrical power:
Power P in an electrical circuit is given by the product of potential difference V
and current I. The unit of power is the watt,W. Hence:

!
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From Ohm’s law, V =IR. Substituting for V in equation (1.2) gives:
P=(IR)»=I

i.e.

There are thus three possible formulae which may be used for calculating power.
Example 1.5: A 100W electric light bulb is connected to a 250V supply. Determine
(a) the current flowing in the bulb, and (b) the resistance of the bulb.

Solution:

lll".l
Power P=V x [, from which, current f = ‘;_
100 1 2
{a) Current = —=—=—=10.4A
250 25 5
Vo250 2500
(b} Resistance R =— =——= =625Q
[ 0.4 4

Examplel.6: Calculate the power dissipated when a current of 4mA flows through a
resistance of 5 kQ.
Solution:
Power P = TR = (4 = 10735 = 107
= 163 1079 % 5 % 10°
— 80 x 10—
= (LOSW or S80mW

Alternatively, since / =4 > 10~ and R =5 = 10* then
from Ohm’s law, voltage

V=IR=4x 10" x5 x 100 =20V
Hence,
power P =V x/ =20x4 = 1o~
= 80mWwW
Example 1.7: A current of 5A flows in the winding of an electric motor, the
resistance of the winding being 100Q Determine (a) the p.d. across the winding, and
(b) the power dissipated by the coil.

Solution:
(a) Potential difference across winding,

V=IR=5 100 =500V
by  Power dissipated by coil,
P=I"R=5 % 100
= 250{W or 2. 5KW
CAlternatively. P = V = J = 500 = 5
= 2500'W or 2.5KW)



1.3 Electrical energy

If the power is measured in watts and the time in seconds then the unit of
energy is watt-seconds or joules. If the power is measured in kilowatts and the time in
hours then the unit of energy is kilowatt-hours, often called the ‘unit of electricity’.
The ‘electricity meter’ in the home records the number of kilowatt-hours used and is
thus an energy meter.

Example 1.8: A 12V battery is connected across a load having a resistance of 40Q
Determine the current flowing in the load, the power consumed and the energy
dissipated in 2 minutes.

Solution:
Current [ = L = E =03A
R 0
Power consumed, P = VI = {12){0.3) = 3.6 W.

Energy dissipated = power x time
= (3.6W)(2 x 60s)
= 432 ] (since 1] = | Ws)

Example 1.9: Electrical equipment in an office takes a current of 13A from a 240V
supply. Estimate the cost per week of electricity if the equipment is used for 30 hours
each week and 1 kWh of energy costs 12.5dinar.

Solution:

Power = VI watts = 240 = 13

=3120W = 3. 12kW

Energy used per week = power = time
= (3. 12kW) x (30h)

= 93.6kWh
Cost at 12.5 dinar per kWh=93.6x12.5=1170 dinar.
1.4 Resistance and resistivity:

The resistance of an electrical conductor depends on four factors, these being:
(a) the length of the conductor (1),

(b) the cross-sectional area of the conductor (a),
(c) the type of material and
(d) the temperature of the material.

Resistance, R, is directly proportional to length of a conductor, i.e. Ral. Thus,
for example, if the length of a piece of wire is doubled, then the resistance is doubled.
Resistance, R, is inversely proportional to cross-sectional area of a conductor, i.e.
Ral/a. Thus, for example, if the cross-sectional area of a piece of wire is doubled
then the resistance is halved.

Since Ral and Ral/a then Ral/a. By inserting a constant of proportionality into
this relationship the type of material used may be taken into account. The constant of
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proportionality is known as the resistivity of the material and is given the symbol p
(Greek rho). Thus,

P is measured in ohm metres (Q2.m).

Example 1.10: Calculate the resistance of a 2 km length of aluminium overhead
power cable if the cross-sectional area of the cable is 100mmz2. Take the resistivity of
aluminium to be 0.03x10° Q.m.
Solution:

Length / =2 km = 2000 m,

area ¢ = 100 mm? = 100 % 10~% m?

and resistivity p =0.03 x 10" 2 m.

. ol
Resistance R = 2
i

(0.03 % 107" £ m)(2000 m)
(100 % 10-5m)
0.03 x 2000
~ 100
Example 1.11: Calculate the cross-sectional area, in mm2, of a piece of copper wire,
40m in length and having a resistance of 0.25Q. Take the resistivity of copper as
0.02x10-6 Q.m.

Solution:
Resistance R = pl/a hence cross-sectional area

O = 0.6

ol (0,02 3 1072 m)(40m)
q4—=—

R 0.25 €2

— 32 x 107%m?

= (3.2 x 107%) % 10° mm? = 3.2mm?
Example 1.12: The resistance of 1.5 km of wire of cross-sectional area 0.17mm? is
150Q. Determine the resistivity of the wire.
Solution:
Resistance, K= pl/a hence
resistivity o= %
_ (1502)(0.17 x 10~° m?)
N (1500 m)

=0.017Tx 10" 2 m

or 0.017 p & m



2- Series and parallel networks

2.1 Series circuit:

Figure 2.1 shows three resistors R1, R2 and R3 connected end to end, i.e. in
series, with a battery source of V volts. Since the circuit is closed a current | will
flow and the p.d. across each resistor may be determined from the voltmeter readings
V1, V2 and V3.

—y—r————}

Figure 2.1

In a series circuit
(@) the current I is the same in all parts of the circuit and hence the same reading is
found on each of the ammeters shown, and
(b) the sum of the voltages V1, V2 and V3 is equal to the total applied voltage, V, i.e.
ViVl V2 HV 8 (2.1)
From Ohm’s law: V1 =IR1, V2 =IR2, V3 =IR3 and V =IR where R is the total
circuit resistance. Since V = V1+V2+V3 then IR = IR1+IR2+IR3. Dividing throughout
by I gives
R=R1 +R2 +R3 (2.2)

Thus for a series circuit, the total resistance is obtained by adding together the values
of the separate resistance’s.
Example 2.1: For the circuit shown in Fig. 2.2, determine (a) the battery voltage V,
(b) the total resistance of the circuit, and (c) the values of resistors R1, R2 and R3,
given that the p.d.’s across R1, R2 and R3 are 5V, 2V and 6V respectively.

A, A Ay
—{ — ] —

| .

. ‘ .
s I |

L5 '-'J 'r'-l
] Enl
Iy 1 2 3

[ ——
| i

Figure 2.2

Solution:
(a) Battery voltage V=V, + V2 4+ V3

=54+24+6=13V

[—
=

£

(b} Total circuit resistance R = T —
. Vi

(c) Resistance R = T =



Resistance R = -2 — = — 0.5
C — = T == T -
esistance K> 7 1
V 6
Resistance K3 = M - 1.52
! 4
(Check: Ry + R+ R:=1254+054+1.5
=3250=R)

Example 2.2: For the circuit shown in Fig. 2.3, determine the p.d. across resistor R3.
If the total resistance of the circuit is 1000, determine the current flowing through
resistor R1. Find also the value of resistor R2.

Ay Az Ha
] — } —1}
: |
doov Doy Ty
.
Figure 2.3
Solution:
Pd. across ;. V3=25—-10—-4=11V
Current / = L = i = LI5S A,
R 100 '
which is the current owing in each resistor
. V4
Resistance K> = TTon 1652

Example 2.3: A 12V battery is connected in a circuit having three series-connected
resistors having resistance’s of 4Q, 9Q and 11Q. Determine the current flowing
through, and the p.d. across the 9Q resistor. Find also the power dissipated in the 11Q
resistor.

Solution:
The circuit diagram is shown in Fig. 2.4

Total resistance R =4 4+ 94+ 11 =24 2

V 12
Current{ = — = — =
R 24
which is the current in the 9 £2 resistor. P.d. across the
0 &2 resistor,

Vi=l=x9=05=x9 =45V
Power dissipated in the 11 resistor,

P =1R=(05%11)

=(025)(11)=275W

Figure 2.4



2.2 Voltage divider rule
The voltage distribution for the circuit shown in Fig. 2.5(a) is given by:

-1
|
L
e
=
=
——)

R, Vour
Vy Va

v Q o O
ia) ()

Figure 2.5

The circuit shown in Fig. 2.5(b) is often referred to as a potential divider circuit.
Such a circuit can consist of a number of similar elements in series connected across
a voltage source, voltages being taken from connections between the elements.
Frequently the divider consists of two resistors as shown in Fig. 2.5(b), where

Example 2.4: Determine the value of voltage V shown in Fig. 2.6
pr— : o

(L —— o !
5'-\.-' L I id lr'll

Figure 2.6
Solution:
Figure 2.6 may be redrawn as shown in Fig. 2.7, and

A Ry

F e
voltage V = ( } (5 =30V 6L Tv
644

Figure 2.7



Example 2.4: Two resistors are connected in series across a 24V supply and a current
of 3A flows in the circuit. If one of the resistors has a resistance of 2Q determine (a)
the value of the other resistor, and (b) the p.d. across the 2Q resistor. If the circuit is
connected for 50 hours, how much energy is used?

Solution:

The circuit diagram is shown in Fig. 2.8

Ry=20 A,

— B

Laﬁ____ﬁkﬁﬁ

Figure 2.8
{a) Total circuit resistance
V 24
== =— =K1
! 3

Value of unknown resistance,
R,=8—2=6%
by P.d. across 2 22 resistor,
Vi=Z=IRj=3x2=06V

Alternatively, from above,
v = [ —2 } v
' ( R + Ry )
r 2
- (—) (24) =6V
246

Energy used = power = time
=(V=xl)xt
= (24 > 3W){50 h)

= 3600Wh = 3.6 KWh



Exercise 1: problems on series circuits
1. The p.d’s measured across three resistors connected in series are 5V, 7V and 10V,
and the supply current is 2A. Determine (a) the supply voltage, (b) the total circuit
resistance and (c) the values of the three resistors. [(a) 22V (b) 11£2(c) 2.522. 3.582. 502
2. For the circuit shown in Fig. 2.9, determine the value of V1. If the total circuit
resistance is 362 determine the supply current and the value of resistors R1, R2 and
R3. [10V.0.5A.202. 102, 6 0]

R Ay Ry

L

18V
Figure 2.9
3. When the switch in the circuit in Fig. 2.10 is closed the reading on voltmeter 1 is
30V and that on voltmeter 2 is 10V. Determine the reading on the ammeter and the
value of resistor Rx. [44.2.5£]

5 () A,
I e ey R ey
© ®
_'_,-l"-
"—hr—il‘- -—— { |
Uy
Figure 2.10 ]
4. Calculate the value of voltage V in Fig. 2.11. [43V]
© I
v 5 _— TaN
a
Figure 2.11

5. Two resistors are connected in series across an 18V supply and a current of 5A
flows. If one of the resistors has a value of 2.4Q determine (a) the value of the other

resistor and (b) the p.d. across the 2.4Q resistor. [(@}1:2€2 (b) 12V]

6. An arc lamp takes 9.6A at 55V. It is operated from a 120V supply. Find the value
of the stabilising resistor to be connected in series. [6-77£:]

7. An oven takes 15A at 240V. It is required to reduce the current to 12A. Find (a) the

resistor which must be connected in series, and (b) the voltage across the resistor.
[(a) 4 2 (b) 48 V]



2.3 Parallel circuit:
Figure 2.12 shows three resistors, R1, R2 and R3 connected across each other,

I.e. in parallel, across a battery source of V volts.
f Ay

oy

|———-——||—r
©

Figure 2.12
In a parallel circuit:
(a) the source p.d., V volts, is the same across each of the resistors, and
(b) the sum of the currents |4, I, and I3 is equal to the total circuit current, 1, i.e.

L= 0L+ 1213 oo (2.5)
From Ohm’s law:
h=m. h=m. L=— and =~
=R TR PTR O™ TR

where R is the total circuit resistance.
Since 1 =11+ 12 + 13 then

ViV V

R™ R R
Dividing throughout by V gives:

This equation must be used when finding the total resistance R of a parallel circuit.
For the special case of two resistors in parallel

I 1 1 R+R

R™R R~ Rk

product J

Hence {j.n:.
sUm



Example 2.5: For the circuit shown in Fig. 2.13, determine (a) the reading on the

ammeter, and (b) the value of resistor R2.
B A A=5n0

W+
v
Figure 2.13

Solution:
P.d. across K| is the same as the supply voltage V

Hence supply voltage, V =8 x 5=40V

(a) Reading on ammeter,

V40

[=—=—=2A
Kz 20

(b} Current flowing through R =11-8-2=1A.
Hence

V40

fh=—=—=40%

2=7

Example 2.6: For the circuit shown in Fig. 2.14, find (a) the value of the supply
voltage V and (b) the value of current 1.

" Fig. 2.14

Solution:
ia) Pd. across 2082 resistor=/1HK, =3 x 20=60V,
hence supply voltage V=60V since the circuit is

connected in parallel

Vo6l
iby Current/j= —=—=06A, [LH=3A
Ry 10
and h:L:E:lA
- Ry 60

Current / =11 + 2 4+ I3 hence
I=64+34+1=10A.
Alternatively,



I 1 1 1 14346 10

R 6D 20 10 a0 A0

Hence total resistance

a0
R =— = 6L, and current
10
Vo6l
—— == 10A
R 6

Example 2.6: Given four 1Q resistors, state how they must be connected to give an
overall resistance of (a) 1/4 Q (b) 1 Q (c) 4/3 Q (d) 5/2 Q2 , all four resistors being
connected in each case.

Solution:

(@) All four in parallel (see Fig. 2.15), since

. —
11 1 1 1 4 1
—_—— et =t === =je R ==0
R 1 + 1 + 1 + 1 | e 4
Fig. 2.15
(b) Two in series, in parallel with another two in series (see Fig. 2.16), since 1Q and

1Q in series gives 2 Q, and 2 Q in parallel with 2 Q gives

. 163 . . 10} ,
ix2 4+ .4 1 _ia 10 [
242 4 ) ] !
Fig. 2.16
(c) Three in parallel, in series with one (see Fig. 2.17), since for the three in parallel,
"y
L_1 113 .
R 1 1 1 1 10
lLe. K= -'; £ and -'; £ in series with 1 £2 gives ]-i- £ 10
Fig. 2.17

(d) Two in parallel, in series with two in series (see Fig. 2.18), since for the two in
parallel

10
ﬁ.’:lxlzlﬁ 110 141
141 2 — —
and j'_ﬂ 1 €2 and 1 £2 in series gives E:';E'E

Fig. 2.18



Example 2.7: Find the equivalent resistance for the circuit shown in Fig. 2.19

FAy=3 €3
Ay=10 Ag=27?0
o—{ }
Ay =18 02
Fig. 2.19
Solution:
R3, R4 and R5 are connected in parallel and their equivalent resistance R is given by
11 1Jr I 64341 10
R 3 6 18 18 18

hence R=(18/10)=1.8Q. The circuit is now equivalent to four resistors in series and
the equivalent circuit resistance=1+2.2+1.8+4=9Q

2.2 Current divider rule
For the circuit shown in Fig. 2.20, the total circuit resistance, Ry is given by

P R R
L= R TR,
Fig. 2.20
"R
and Vi=IRyr =1 (;}
R 4 R
c ' o v R R }
rren =R TR \R + Ra
f R
Ky + K2
Similarly,
V ! R R2 }
current fh—m— — — | ———
- R2 R VR + R )
R
R+ Ra

Summarising, with reference to Fig. 2.20

and



Example 2.8: For the series-parallel arrangement shown in Fig. 2.21, find (a) the

supply current, (b) the current flowing through each resistor and (c) the p.d. across
each resistor.

A, =60
Ry=2.5 0 Ry=40
p
Ay =210
I S
- 200 V
Fig. 2.21
Solution:
ia) The equivalent resistance K, of K, and f; in
parallel is:
6x2
Ry = =150
6+2

The equivalent resistance Rt of K|, Ry and R4 in
series is:

Rr=25+1544=88
Supply current

V 200
o Ry B
(b) The current lowing through K| and Ky is 25A. The
current flowing through K>

o Ry /
_(f{'g -I-R_a)

=254

(E:—I—E.. '
6

23 A

I

The current flowing through R4

K );
o (Rz + R
F ﬁ ~
:( }z_w — 18.75 A

(c) The equivalent circuit of Fig. 5.21 is shown in Fig. 5.22
=250 A, =156 Ag=40

—1 1 X g | [
-+ Fl| -—'.l":,,- - V{
=25 A
I—— 200 Y ——o
Fig. 2.22



p.d. across K|, i.e.

Vi = IRy = (25)(2.5) = 62.5V
p.d. across Ry, Le.

Vi = IRy = (25)(1.5) = 37.5V
p.d. across Ky, i.e.

Vi = IRy = (25){4) = 100 ¥V
Hence the p.d. across K>
= p.d. across Ky = 375V

Example 2.9: For the circuit shown in Fig. 2.23 calculate (a) the value of resistor Ry

such that the total power dissipated in the circuit is 2.5kW, (b) the current flowing in
each of the four resistors.

iy, A=150 j, Aa=380

250 vV O

Fig. 2.23
Solution:

ia) Power dissipated P = VI watts, hence
2500 = (25001

e =29 _ oA
250
From Ohm’s law,
ﬁ“]':izﬂzz‘iﬁI
I 10 o

where R 1s the equivalent circuit resistance. The

equivalent resistance of K| and K> in parallel is
15 =10 150
15410 25

The equivalent resistance of resistors K3 and K, in

parallel is equal to 25 £2 — 6 £2, L.e. 19 £2. There are
three methods whereby Ky can be determined.

=65



Method 1

The voltage V| =K, where R is 6 22, from abowve, i.e.
Vi = (10)6)=60V. Hence

Vo =250V — 60V = 190V
= p.d. across K3

= p.d. across K,

V 190
i = = = — = 5A,
K3 38
Thus {4 =5A also, since [ = 10A. Thus
Re= 2= 20 _ 350
x = r =5 ==
Method 2
Since the equivalent resistance of K1 and R, in parallel
is 1922,
38R ' roduct
19 = — % (1..:. p—)
3B+ Ry sum
Hence
19(38 4+ Ry = 38R,
T22 4+ 19K, = 38R,
T22 = 38R, — 19K, = 19K,
= 19/,
722
Thus B, = — =38%
19
Method 3

When two resistors having the same value are connected
in parallel the equivalent resistance is always half the
value of one of the resistors. Thus, in this case. since
B =195 and R; =38 22, then R, =38 22 could have
been deduced on sight.

R
(b} Currenth:(—z}f

R+ K2 )
= 1)
(55m)¢
= 2) 10y =4
~(3)am=1a
C I } .—15 . 1
urrent (ﬁ|+ﬁﬁ.- _(]5_'_]{.)[ ]
3
:(_)qm—m
2

From part {a). method 1, Ia=I3=5A



Example 2.10: For the arrangement shown in Fig. 2.24, find the current I,.
20 L1140 I

a

17V 810 20 []EE.!

Fig. 2.24
Solution:
The circuit is gradually reduced in stages as shown in Fig. 2.24(a)—(d).
- From Fig. 2.25(d),
17

~ 125
- From Fig. 2.25(b),

hz(g_T_})U]:(%)M]:SA

=44

- From Fig. 2.24
= (222 )i = (2) @ =0sa
1_._14-8,':'] (lﬂ') :'—..
I
2x8 14116
an T =lF 3 1['-' ]-ﬂﬂ
&
b
: 21 |
e | F— T i
v Ua:-i-}-zzsn Ty []Eﬂﬁ_’
& l

Fig. 2.25



Exercise 2: problems on series and parallel circuits
1. For the circuit shown in Fig. 2.26 determine (a) the reading on the ammeter, and

(b) the value of resistor R. [2.5A.254]
C 60

3A 50
e

H
—_— T .

11.5 A

wAs
Fig. 2.26

2. Find the equivalent resistance between terminals C and D of the circuit shown in
Fig. 2.27. 12752

16 L} 1312

Fig. 2.27

3. Determine the currents and voltages indicated in the circuit shown in Fig. 2.28.
[h=5A.h=25AK=13A,=%A
K=3AI=2A V=20V, Vh =5V,

Vi=6V]
L ZI
. —
. .- 401 2
v . —1 [ :
WA , - 3 L Tn] -

e Ay &
Fig. 2.28
4. Find the current | in Fig. 2.29. [1.8A]
1.6 02 1.5} 20 j

24 W o

|

Fig. 2.29



3- Delta-Star Transformation

Three resistors connected as shown in Fig. 3.1-a are said to be connected in
delta (or mesh), while three resistors connected as shown in Fig. 3.1-b are said to be
star connected. It is often necessary to convert from a delta connection to an
equivalent star.

The star circuit will be equivalent to the delta connection if the resistance
measured between any two terminals in the star is identical to the resistance measured
between the same two terminals in the delta. For this to be the case, the total
resistance between terminals 1 and 2 (Ry) in the delta circuit must equal the total
resistance (R1 + R2) between the same two terminals in the star circuit. Similarly for
the resistances between the other two pairs of terminals. We will deal with these in
turn.

1

3.1 Delta to star transformation:

R, = RyR;;/(R; + Ry + Ry)

2 T B T 1) s 3.1)
Ry = RiRoy/(Riz & Ros + Ra)) (3.2)
Ry=RuRy/(Ro+ R+ Ry) (3.3)

An easy way to remember the rules for changing from delta to star is to draw the star
set inside the delta set as shown in Fig. 3.2. Any star equivalent resistor is then given
as 'the product of the two delta resistors on either side divided by the sum of all three
delta resistors'.




3.2 star-delta transformation
We can use the same diagrams of Fig 3.1and obtain the reverse transformation.
R,;=R,+ R, + RIR,/R,

R3| - Rj + RI + R}R].""’.Rz

Example 3.1: Determine the total resistance (i.e. the resistance between terminals A

and B) and current I, in the circuit of Fig. 3.3.
100

Bo -
Fig. 3.3

Solution:

The resistors R12 , R23 and R31 are connected in delta. This is shown more clearly
in Fig. 3.4 in which the star equivalent resistors are shown as Ra, Rb and Rc. Using
the delta-star transformation, we have that

1 1062 3

I,

5Q(R)

Fig. 3.4

Ra= 10x5/30 = 1.67Q
Rb=10x15/30 = 5Q
Re= 5x15/30 =2.5Q
The circuit now simplifies to that of Fig. 3.6 via Fig. 3.5.



¢ 1.67Q s 50 3 1,670

A * ] A 1 .
250 ] H Tk
oV e 50 @mv 1uﬂ[] |:|1EI!1
750
o T |
Fig. 3.5 Fig. 3.6

The equivalent resistance between A and B is then given by

Ry =R, +10x10/(10 + 10) = 1.67 + 5 = 6.67 Q
The current I, in Fig. 3.3 is the same as that in Fig. 3.6 and is obtained by current
divider rule. Since the two parallel connected resistors are equal in value, the total
current | will divide equally between them. Now

| = V/IRag = (10/6.67) =15 A
sothat I, =0.75 A



4- D.C.circuit theory

The laws which determine the currents and voltage drops in d.c. networks are:
(a) Ohm’s law (see section 1.1),
(b) the laws for resistors in series and in parallel (see sections 2.1 and 2.3), and
(¢) Kirchhoff’s laws (see Section 4.1 following).
(d) Maxwell loop current method or mesh analysis (see Section 4.2 following).
(e) Nodal analysis (see Section 4.3 following).

In addition, there are a number of circuit theorems which have been developed
for solving problems in electrical networks. These include:
(i) Superposition theorem (see Section 5.1),
(i1) Thevenin’s theorem (see Section 5.2),
(ii1) Norton’s theorem (see Section 5.3),
(iv) Maximum power transfer theorem (see Section 5.4)
(v) Milliman's theorem (see Section 5.5),
(vi) Substitution theorem (see Section 5.6), and
(v) Reciprocity theorem (see Section 5.7).

4.1 Kirchhoff’s laws :
(@) Current Law (KCL). At any node (junction) in an electric circuit the sum of
currents flowing towards that node is equal to the sum of the currents flowing away
from the node. This means that the algebraic sum of the currents meeting at a node is
equal to zero, i.e.
e (4.1)

Applying the law to the node shown in Fig. 4.1, we see that

|1 +|2 :|3 +|4 +|5

|1 +|2 -|3 -|4 '|5 =0

Figure 4.1
(b) Voltage Law (KVL). In any closed loop in a network, the algebraic sum of the
voltages taken around the loop is equal to zero, i.e.
2V =0 4.2)
In Figure 4.2, application of KVL around the loop (moving anticlockwise around the
loop) gives the following equation:
-E, -IR; -IR; -IR3 +E;=0

E
I+ " H,
Ha
A,
——
‘|
Ex
Figure 4.2
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Example 4.1: (a) Find the unknown currents marked in Fig. 4.3(a). (b) Determine the
value of e.m.f. E in Fig. 4.3(b).

fa 162 )
4 <
=25
4' — i A
150 Ly, 2.50
F . LY E\‘I‘I
(a) (b

Figure 4.3
Solution:

{a) Applying Kirchhoff's current law:

For junction B: 50 =2041,.

Hence fi =3A

For junction C: 20+ 15=1>.

Hence [ =35A

For junction D: [y =134+ 120
Le. 0=I34120.
Hence fi ==9%0A4A

(i.e. in the opposite direction to that shown in Fig. 4.3(a))
For junction E: [44+/; =15

e, f4=15—(=90).
Hence f4=1054A

For junction F: 120 =175 +40.
Hence fz=80A

(b) Applying Kirchhoff’s voltage law and moving clockwise around the loop of Fig.
4.3(b) starting at point A:
—21+3-251+6-151+E—-4-1=0
since | = 2A
Hence E = 9V
Example 4.2: Use Kirchhoff’s laws to determine the currents flowing in each branch
of the network shown in Fig. 4.4.

I.E1="-1'1'l" E2=PV

=20 fa =102

Figure 4.4



Solution:

For solution any problem by Kirchhoff’s laws, the following procedure helping you:
1. Use Kirchhoff’s current law and label current directions on the original circuit
diagram. The directions chosen are arbitrary (for the current sources, current values
and direction are given). This is shown in Fig. 4.5 where the three branch currents are
expressed in terms of I, and I, only, since the current through R is (I; +15)

[ Is h ) 2
de=av Yo o E‘”'g = 1= A=-av
5 [Jr-+= ¥ %
n=24Lk fa=142 =202 =152
Figure 4.5 Figure 4.6

2. Apply Kirchhoff’s voltage law to each loop (write equation for each loop). A
useful convention is to take the voltage drop (going from positive to negative) as
negative and the voltage rise (going from negative to positive) as positive.
-From loop 1 (left loop)of Fig. 4.5, and moving in a clockwise direction (the direction
chosen does not matter), gives

-4(|1+|2)- 2|1 + 4=0
e 6l-4l,=-4 (1)
-From loop 2 (right loop) of Fig. 4.5, and moving in an clockwise direction (once

again, the choice of direction does not matter), gives:
-2+ |2+ 4(|1+|2):0

I.e 4|1+ 5|2=2 ...................... (2)
3. Solve equations (1) and (2) for I, and I,. (number of equations equals number of
variables).
Multiplying eq. (1) by 2 and eq. (2) by 3 gives:
'12|1'8|2='8 ...................... (3)
121+ 151, =6 e, (4)
eg. (1) +eq. (2) gives:
Th=-2 e, 3)
hence /- = -2/ 7=—0.286 A

(i.e. I, is flowing in the opposite direction to that shown in Fig. 4.5).
From (1) 6 +4—-0286)=4

G =44+ 1.144

5.144
L]

= LEST A

Hence h =

Current Aowing through resistance R is

(ff +f2y = 0857 4+ (—0.286)

= 0571 A
Note that a third loop is possible, as shown in Fig. 4.6, giving a third equation which
can be used as a check:
2+ 1,-21;+4=0
2'1 - |2=2
[Check: 211 — I =2(0.857) — (—0.286) = 2]
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Example 4.3: For the bridge network shown in Fig. 4.7 determine the currents in
each of the resistors.

-
LAY

Figure 4.7
Solution:

Let the current in the 2Q resistor be I, then by Kirchhoff’s current law, the
current in the 14 Q resistor is (I -1;). Let the current in the 32 Q resistor be I, as
shown in Fig. 4.8. Then the current in the 11Q resistor is (I, -1;) and that in the 3 Q
resistor is (I -1; +1,). Applying Kirchhoff’s voltage law to loop (abedfa) gives:

-2l - 11(1; - 1,)+54=0
i.e. 131+ 11, =-54 (1)
Applying Kirchhoff’s voltage law to loop (bcea) gives:

- 14(1-17)+ 321, +21, =0

However | =8A
Hence - 14(8-1))+ 321, +21, =0
l.e. 161, +321, =112 ... (2)

Equations (1) and (2) are simultaneous equations with two unknowns, I; and I,.
solving the above equations gives:
,=5A and I,=1A

i

Figure 4.8

Hence, the current flowing in the 2 £2 resistor

=/ =5A
the current flowing in the 14 £2 resistor
=l—-)1=8-5=3A
the current flowing in the 32 {2 resistor
=hL=1A
the current flowing in the 11 £2 resistor
=i —h)=53—-1=4A
and the current flowing in the 3 £2 resistor

=I—-N+hLH=8-54+1=4A



Example4.4: Use Kirchhoff’s laws to determine the v, in the network shown in
Figure 4.9.
| 5 0 b

—."' o+
200V 1 E{} ﬂ My
C

Figure 4.9
Solution:
A look at the circuit reveals that :
e Once we can know i, , we can calculate v, using Ohm's law.
e Once we can know i, , we also know the current supplied by the dependent
source 5i .
e The current in the 500V source iS i, .
We can apply KVL around loop abca gives:
-5i, -20 i, +500=0
-5iy-201,=-500 ... (1)
We can apply KCL at node b gives:
5iA +iA = io ......................... (2)
Solving egs. 1 and 2 for the currents, we get
iA =4A
o =24
Using Ohm's law for the 20Q resistor, we can solve for the voltage v, .
Vo=201i,=480V
Exercise 3: problems on Kirchhoff’s laws
1. Find currents I3, Iy and lg in Fig. 4.10. [3=2A. Lh=—1A.ls=3A]

Ji=dA
I L=2A
'I:i
W
I Iy
N T Tas 1A
Figure 4.10
2. For the circuit shown in Fig. 11, find iy, v, total power generated, and total power
absorbed. Ans. (0.000025A, -2V, 6.150mW, 6.150mW)

54 ki)

Figure 4.11



3. The current is shown in the circuit of Fig.(12) is 2A. Calculate: vs , the power
absorbed by the independent voltage source, the power delivered by the independent
current source, the power delivered by the controlled current source, and the total

power dissipated in the two resistor. Ans. (70V, 210W, 300W, 40W, 130W)
~Zis
At
10 £
s A.CT) ,3300 C—LDT}’
i .
Figure 4.12

4. For the circuit shown in Fig. 4.13, use Kirchhoff’s laws to find:
a) Vi, Vo, and iy .
b) How much power is delivered to the circuit by the 15A source?

c) Repeat (b) for the 5A source. Ans. (60V, 10V, 10A, 900W, -50W)
50
T
15A v 2601}
Figure 4.13

5. For the circuit shown in Fig. 4.14, use Kirchhoff’s laws to findv.  Ans. (15V)

: 6fy 20} 410}
- W'_-.I_" AN
q:)d.ﬁ,& %H‘L 1-1 1210 LAY
Figure 4.14

6. In the circuit shown in Fig. 4.15 a) Use Kirchhoff’s laws to find the power
associated with each source. b) State whether the source is delivering power to the
circuit or extracting power from the circuit. Ans.(a- Psgy = -150W, P3;,= -144W,
Psa=-80W, Db- all sources delivering power to the circuit)

17
LEN) )

m .
iy
MV B 4L 54

F-igure 4.15
7. For the circuit shown in Fig. 4.16, use Kirchhoff’s laws to find i, . Ans. (2A)

104,

_—':'.‘_ ' S . |
+ ik
: SWL& 5041 Lmn 44
| ,'
— -

Figure 4.16

=



8. Use Kirchhoff’s laws to find v, . Ans. (24V)

3010
A
' 100 2010
mv(‘Dfiﬂ. U, 2400 1’%?
Figure 41.17
9. Use Kirchhoff’s laws to find v . Ans. (8V)

e
2511 112

' Figure 4.18
10. Use Kirchhoff’s laws to find v; . Ans. (48V)
6

' b
(PEUV 1320 g

Figure'4.19
11. Use Kirchhoff’s laws to find how much the power is being delivered to the
dependent voltage source. ( Ans. -36W )

—3 "Ud,_

: 14 0}

20 30

L ]

SR
50 *

O iyt

Figure'4.20
12. Use Kirchhoff’s laws to find the v, . Ans. (16V)
20
Afh

6 () 80
AN
+

80 5@,@

Figure 4.21
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13. Find the power dissipated in the 300Q2 resistor. Ans.(16.57W)

000 .,';""'
|
l.’!l

-
3040 IEY 25010 S04 L1

----- » ’\-'W—T *‘v"u"'v—i—""-"‘»"-'—|

|
J256 Y é’l]l il (_l> "]J“ﬁ 128 V{D
|
Figure 4.22
14. Use Kirchhoft’s laws to find the v, in the circuit shown. Ans. (173V)

410 2540 20
W\' -
+ t‘rrl —
0.4 1, 05A 0.8 vy
4 Ty =
AN

61l 750 80

Figure 4.23
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4.2 Loop Current Method

In this method, one distinct current variable is assigned to each independent
loop. The element currents are then calculated in terms of the loop currents. Using the
element currents and values, element voltages are calculated. Thus, in this method,
the number of simultaneous equations to be solved are equal to the number of
independent loops. Examples below illustrate this technique.

Example 4.5: In the circuit in Figure 4.24, find the voltage across the 3Q resistor.
251 10

® WA ®c
(\ g C’?\ 45}.%
s
D
Figure 4.24

Solution:

First, note that there are two independent loops, which are the two meshes in the
circuit, and that loop currents 1; and I, are assigned as shown in the diagram. Then
calculate the element currents and the element voltages:

5L —-315L =12
Solving the two equations, you get I; = 96/31A, and I, = 36/31A. The voltage across
the 3Q resistor is

3(1:-1,) = 3(96/31 - 36/31) = 180/31 A.



Special case 1:

When one of the elements in a loop is a current source, the voltage across it
cannot be written using the v-i relation of the element. In this case, the voltage across
the current source should be treated as an unknown variable to be determined. If a
current source is present in only one loop and is not common to more than one loop,
then the current of the loop in which the current source is present should be equal to
the value of the current source and hence is known. To determine the remaining
currents, there is no need to write the KVL equation for the current source loop.
However, to determine the voltage of the current source, a KVL equation for the
current source loop needs to be written. This case is presented in example 4.6.
Example 4.6: Analyze the circuit shown in Figure 4.25 to find the voltage across the
current sources.

1Q

MR
ko
20 30
A MM 8 f"."'l.l"h"l .C
14V @ sa (m CT)QA
D
Figure 4.25

Solution:

The loop currents are assigned as shown. It is easily seen that 13 = -2. Writing KVL

equations for loops 1 and 2, you get:

Loopl  611-21,-4%(-2)=14 =y G|,-2],=6

LOOp 2 6'2'2'1 '3*('2)20 '2|1+6|2= -6

Solving the two equations simultaneously, you get I, = 3/4 Aand I, =- 3/4 A. To find

the Vcp across the current source, write the KVVL equation for the loop 3 as:
HLH-Kh+MHL-hL)+Vep=0=>

Vep=4 L +3 L -7 =1475V.
Special case 2:
This case concerns a current source that is common to more than one loop. The
solution to this case is illustrated in example 4.7.
Example 4.7: In the circuit shown in Figure 4.26, find the voltage across the current

Sources.
10

M
®
N AV
A® 20 B 30 ®c
/
MCD (\ b Zia
- 2A
MW MW
F® 20 E 10 @0
Figure 4.26



Solution:

the 2A current source is common to loops 1 and 2. One method of writing KVL
equations is to treat Vge as an unknown and write three KVVL equations. In addition,
you can write the current of the current source as I, -1, = 2, giving a fourth equation.
Solving the four equations simultaneously, you determine the values of I, I, , I3 and
Vge. These equations are the following:

Loopl  4ly-213= 12 -V el A, 213 -Vee =12 ... (1)
LOOp 2 8l -3l3= Vge 8l,-3l3-Vge=0 ......... (2)
Loop3  6l;3-2l; -31,=0 21, -3, +61,=0  ......... (3)
Current source relation: -, -1, =2  ........... 4)

Solving the above four equations results in I, =0.13 A, I, =2.13 A, I3 =1.11 A, and
VBE =13.70 V.

Alternative method for special case 2 (Super loop method): This method
eliminates the need to add the voltage variable as an unknown. When a current source
Is common to loops 1 and 2, then KVL is applied on a new loop called the super loop.
The super loop is obtained from combining loops 1 and 2 (after deleting the common
elements) as shown in Figure 4.27. For the circuit considered in example 4.7, the loop
(ABCDEFA) is the super loop obtained by combining loops 1 and 2. The KVL is
applied on this super loop instead of KVL being applied for loop 1 and loop 2
separately. The following is the KVL equation for super loop (ABCDEFA):

2('1 - |3) + 3('2 - |3) + 4 |2 + |2 + 2'1 =12

4|1 +8 |2'5|3:12 ........... (1)
The KVL equation around loop 3 is written as:
'2'1 '3'2 +6|3=0 .......... (2)
Current source relation:
'Il —|2 =2 .. (3)

Solving the above three equations simultaneously produces equations I; =0.13 A,
,=213A, 1;=111A.

Super loop

Figure 4.27
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Example 4.8: Use the loop current method to determine the power dissipated in the
4Q resistor in the circuit shown in Fig. 4.28.

10

Byssa

Figure 4.27

Solution:

25i1-5ip-20i5=50  .\roovrerrei (1)
1Oi2'5i1-4i3:0 .................... (2)
24i3'20i1-4i3: '15i(p .................... (3)
il'i3:i¢5 ..................... (4)

because we are calculating the power dissipated in the 4Q resistor , we compute the
loop currents i, and i3 :
i2:26A, |3=28A
P ,o=(i5-i2)°X(4)=4x4=16W
Exercise 4: problems on loop current method
-Repeat all problems in exercise 3 using loop current method.
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4.3 Node Voltage Method (Nodal Analysis):

In this method, one node is chosen as the reference, node whose voltage is
assumed as zero, and the voltages of other nodes are expressed with respect to the
reference node. For example, in Figure 4.28, the voltage of node G is chosen as the
reference node, and then the voltage of node A is V5 = Vg and that of node B is
Ve = Vge and so on. Then, for every element between two nodes, the element
voltages may be expressed as the difference between the two node voltages. For
example, the voltage of element Rag IS Vag = Va- V. Similarly Ve =Vi- V¢ and so
on. Then the current through the element Rag can be determined using the v-i
characteristic of the element as I,z = Vag/Rag. Once the currents of all elements are
known in terms of node voltages, KCL is applied for each node except for the
reference node, obtaining a total of (N-1) equations where N is the total number of
nodes.



o— g WA o
Vg = Vi <+> g Ve = Vi % Vea = Vo
@
G
Figure 4.28

Special Case 1:

In branches where voltage sources are present, the v-i relation cannot be used to find
the current. Instead, the current is left as an unknown. Because the voltage of the
element is known, another equation can be used to solve the added unknown. When
the element is a current source, the current through the element is known. There is no
need to use the v-i relation. The calculation is illustrated in the following example.
Example 4.7: In Figure 4.29, solve for the voltages V, Vg, and V¢ with respect to

the reference node G.
20

10 5Q

12V 2 A
%49

L
G
Figure 4.29
Solution:
Atnode A, Va=12. ..., (1)

At node B, KCL yields:
Ipp + Ip + lpe =0 ==

(Ve — Va)/ 14+ Ve/d+ (Vg = Ve)/5=0=>
- VA +“ + 1,'ll":l+ IXS}V — V[:,.-"S = {],

Similarly at node C, KCL vyields:
VJZ - VBI,I'I.'_‘_) + |:le + ];2] Ve = 2.

Solving the above three equations simultaneously results

inVa=12V,Vz=10.26 V,and V. =14.36 V.

Super Node: When a voltage source is present between two non-reference nodes, a
super node may be used to avoid introducing an unknown variable for the current
through the voltage source. Instead of applying KCL to each of the two nodes of the
voltage source element, KCL is applied to an imaginary node consisting of both the
nodes together. This imaginary node is called a super node. In Figure 4.30, the super
node is shown by a dotted closed shape. KCL on this super node is given by:



IAB +|BG +|CG +|CA=0 (VB -VA)/l +VB /3 +VC /4 +(VC -VA)/2=0
In addition to this equation, the two voltage constraint equations, V,=10 and
V-V =5, are used to solve for Vg and V¢ as Vg = 9V and V. =4V.

Super node

10V

Figure 4.30
Example 4.8: Use the node voltage method to find the power dissipated in the 5Q
resistor In Figure 4.31.

20

Figure 4.31
Solution:
Summing the currents away from node 1 generates the equation:

“W-20 ¥ WV g, v1(£+i+1)—v—2—§:0 ..................... (1)
2 20 5 2 20 55 5 2
Summing the currents away from node 2 yields:
VoV Vo Vo m8le v2(£+i+l)—ﬁ—8l—q’:0 .................... (2)
5 10 2 2 10 5 5 2

20 1 3iF 2 210
Hibe——a ~
Lo
. ;“4.[\ i
ARY U 220l the 100 Biy

To eliminate i, We must express this controlling current in term of the node voltages,
or: iy = % ...................... (3)
Substituting eg.3 into eqgs. 1 and 2 simplifies the two node voltage equations to
0.75v, —0.2v, =10,
-vq +1.6v,=0
Solving for v1 and v2 gives:
v,=16V and v,=10V

Then, i¢=16;10:1.2A | Pso=1.44*5=7.2W

Exercise 5: problems on nodal analysis
-Repeat all problems in exercise 3 using nodal method.



5- Superposition Theorem
Superposition theorem may be stated as follows: in any linear network containing
more than one source of voltage or current, the current in any element (or voltage
across it) of the network may be found by determining the current (voltage) in that
element when each source acts alone and then adding the results algebraically. When
removing, in turn, all the sources except one, any voltage source must be replaced by
a short circuit and any current source must be replaced by an open circuit.
The superposition theorem is demonstrated in the following worked problems:
Example 5.1: Determine the current in each branch of the network by using the
superposition theorem.

4
ettt ——EE;EU

o 17 e

-
Figure 5.1

Solution:
1. Redraw the original circuit with source E, removed, being replaced by (s.c), as
shown in Fig. 5.2 (a).

I, I :

3 I(;. I4

>—1—> < <

- I Is “p F2=2V
E,=4V
4Q 40
20 []19 20 [‘]m
(a) (b)
Figure 5.2

2. Label the currents in each branch and their directions as shown in Fig. 5.2(a) and
determine their values. (Note that the choice of current directions depends on the
battery polarity, which, by convention is taken as flowing from the positive battery
terminal as shown).
The equivalent resistance (Rt)= [(4%1)/(4+1)] + 2 =2.8Q

I,= Ey/RT = 4/2.8 = 1.429A
by current division

S I
[ —— ) I = =(1.429) = 0.286 /
I = (4 | )f[ 51_|.—1_':]'} (1286 A

SV 4
and 15 = (—)!l — 2(1.429) = 1.143A
4 4+1 5

3. Redraw the original circuit with source E, removed, being replaced by (s.c) only,
as shown in Fig. 5.2(b).
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4. Label the currents in each branch and their directions as shown in Fig. 5.2(b) and
determine their values.
The equivalent resistance (Rt)= [(4x2)/(4+2)] + 1 =1.333Q
1,= E»/RT = 2/1.333 = 0.857A
by current division

9 al
Is = (}4—4)1[1 = (—{{]'b“uj =0.286A

7

| 4
ls = [ = =(0857)y=0.571A
6 ( 4) 4 6 Y

5. Determine the algebraic sum of the currents flowing in each branch.
Resultant current flowing through (2Q) =1; — Is = 1.429 — 0.571= 0.858A
Resultant current flowing through (1Q) =1, — I3 =0.857 — 1.143 = — 0.286A
Resultant current flowing through (4Q) =1, — Is = 0.286 — 0.286 = 0.572A

Example 5.2: Determine the current flowing in the 8Q resistor in the circuit of Fig.

5.3.
Hg = 41)

—1

|:::m| R, =80 C)u=w

AL

Figure 5.3
Solution:
First we replace the current source (I) by an open circuit, giving the circuit of Fig. 5.4
(a). From this circuit we see that the current
:V/(R1+R2):6/12:05A

.y 1
> R
Iy
6V 3A 8Q

b

Figure 5.4
Next we reconnect the current source and replace the battery (V) by a short circuit to
give the circuit of Fig. 5.4 (b). By current division we obtain:
l,=[4/(4+8)] x3=1A
When both sources are acting together the current through 8Q resistor.
Rso=la+1,=05+1=15A



Example 5.3:. For the circuit in Figure 5.5, determine the voltage across the 3Q
resistor.

10 + Wy — 40
MWL A MM
30
1DV<+> §2§2 2ix CDEA
_ Y ix
Figure 5.5

Solution:
First, the voltage source is activated and current source is deactivated (replaced by an
open circuit) as shown in Figure 5.6 (a). Let V3, be the voltage across the 3Q resistor
in this circuit.
Apply (KVL) around closed loop (abcda)

- |11—2|X1+10:O ................. (1)
Apply (KCL) at node (b)

|11 = le + 2|X1 #Ill =3 le ................. (2)

Substituting eq. (2) in eq.(1) #-BIM ~21,+10=0

le =2A # V31:2 X2 x3=12V
Q 1Q

10 + Vg - 4 Voo - 4Q
a iy b i AV he 37 i 2 1
30 '
20 2 Ix, 2% CDE”*
Ix, ‘
d C - P}'ﬂj‘f
a b

Figure 5.6
Next the current source is activated and voltage source is deactivated (replaced by a
short circuit) as shown in Figure 5.6 (b). Let V3, be the voltage across the 3Q resistor
in this circuit. Using nodal method to find this voltage.

Atnode 1: (U4) V, — (L4, =2 =l =g+V, ... 1)
At node 2: [(1/4) + (1/3)]V. — (1/4)V1 — (1/3) V3 = — 2ix,

(T2, — (LA, — AUB)Vs=2ip, e (2)
At node 3: [(1/1) + (1/3) +(1/2)]Vs — (1/3)V, =0

(11/6)Va— (U3)V, =0 melp/; = (2/11)V, ... (3)
From Ohm's law : i, = V3/2 = (L/11)vV, .l (4)

Substituting egs. (1), (3) and (4) in eq.(2)
(7/112)V, — (1/4)(8 + V,) — (1/3) (2/11)V, = - (2/11)V, *\/Zz (22/5) V
V3 =(2/11) x (22/5) = 0.8 V
V32: V3 - V2 =0.8- (22/5) =-3.6V
Then you determine that the voltage across the 3Q resistor in the given complete
circuitis Vio=V3 +V3=12-3.6=84V



6- Thevenin’s and Norton’s Theorems
The following points involving d.c. circuit analysis need to be appreciated
before proceeding with problems using Thevenin’s and Norton’s theorems:
(i) The open-circuit voltage, E, across terminals AB in Fig. 6.1 is equal to 10V, since
no current flows through the 2Q resistor and hence no voltage drop occurs.

20 _ 4 Q) ﬂ
I—--—-II. A Ll
—.|:* ]E 50" 6 Q2 E
10V VT
<
-0 B B
Figure 6.1 Figure 6.2

(if) The open-circuit voltage, E, across terminals AB in Fig. 6.2 is the same as the
voltage across the 6< resistor.
by voltage division in a series circuit,

E = ( 0 ){5{}}
6+4

=30V

(iii) The resistance ‘looking-in’ at terminals AB in Fig. 6.3 (a) is obtained by
reducing the circuit in stages as shown in Figures 6.3(b) to (d). Hence the equivalent
resistance across terminals AB is 7Q.

1802 30 30
A oA
20+18102
20 50 =2Qﬂﬂ 510
oB oB
la) (b}
3Q
I oA A
205 _ 3Q0+40
t]zn +5_4ﬂ =70
oB B
(] (d)
Figure 6.3

(iv) If the terminals AB is open circuit in the circuit shown in Fig. 6.4, the 3Q resistor
carries no current and the voltage across the 20 Q resistor is 10V. Then,

E:( 4 )x [0 =4V
4 +06

Figure 6.4



(v) If the 10V battery in Fig. 6.4 is removed and replaced by a short-circuit, as
shown in Fig. 6.5 (a), then the 20Q resistor may be removed. The reason for this is
that a short circuit has zero resistance, and 20 € in parallel with zero ohms gives an
equivalent resistance of (20x0)/(20+0) i.e. 0 Q. The circuit is then as shown in Fig.
6.5 (b). The equivalent resistance across AB,

Gxd
= +3=2443=540
6+ 4
6 a0 Ys s e
i s A, a
émn é-ﬂ-il 40 -
aoB =1=1
(@ | (b)
Figure 6.5

(vi) To find the voltage across AB in Fig. 6.6: Since the 20V supply is across the 5 Q
and 15 Q resistors in series then, by voltage division, the voltage drop across AC,

A

Ve — -5 )(2[!}—‘3\-’ 50 152

ﬁ‘_(5+ﬁ, — o i,
Similarly, © 4o
r ]2 B
Ve :( Lﬂlzmv i
cn 313 ) l!,;. ;
Figure 6.6

VC is at a potential of +20V.
VA:VC'VAC=+20'5=15V
and Vg =Vc-Vgec=+20-16 =4V.
Hence the voltage between AB is VA -VB = 15-4=11V and current would flow from
A to B since A has a higher potential than B.

(vii) In Fig. 6.7(a), to find the equivalent resistance across AB the circuit may be

redrawn as in Figs. 6.7 (b) and (c). From Fig. 6.7 (c), the equivalent resistance across
AB:

5= 15 n 12 % 3
5415 1243
=375 4+24=6.1592
A A A
sQ 15 {1 50 15 1 & {1 15 Cx
C D C D
.. a0 20 an 120 an
B B B
(@) (b) (©)
Figure 6.7



6.1 Thevenin’s* theorem:

Thevenin’s theorem states: any linear network containing an element connected to
two terminals A and B may be represented by an equivalent circuit between those
terminals consisting of an voltage source (Vy,) in series with a resistor (Ry,) as shown
in Fig. 6.8.

A
. Waxe
Linear ( ) Firn
resistors Vg <+>
and —
sources 40
B 50
a) Linear Network with Two Terminals b) Equivalent Circuit Across the Terminals

Figure 6.8

(Vy,) is the open circuit voltage between the terminals A and B with the element
removed and (Ry) is the resistance between the terminals A and B with the element
removed and with all sources removed (ideal voltage sources are replaced by a short
circuit and ideal current sources are replaced by an open circuit).
The procedure adopted when using Thevenin’s theorem is summarised below:
(i) remove the portion of the network across which the Thevenin equivalent circuit is
to be found,
(ii) determine the open-circuit voltage, V,, across the two terminals from where the
portion has been removed. It is also called Thevenin voltage (V+),
(iit) Compute the resistance of the network as looked into from these two terminals
after all sources have been removed (voltage sources are replaced by a short circuit
and current sources are replaced by an open circuit). It is also called Thevenin
resistance (R),
(iv) Draw the Thevenin equivalent circuit and connect back the portion of the circuit
previously removed to its terminals,
(v) Finally, calculate the values of the currents or voltages from the equivalent circuit.
Example 6.1: Use Thevenin’s theorem to find the current flowing in the 10 Q
resistor for the circuit shown in Fig 6.9.

R:},:E' 0

Figure 6.9

Solution:
(i) The 10 Q resistance is removed from the circuit as shown in Fig. 6.10(a)
(ii) There is no current flowing in the 5 Q resistor and current I, is given by
10 10

= = =1A

Rl +R 248
Voltage across R, =I,R, =1x8=8V. Hence voltage across AB, i.e. Thevenin voltage
(Vn) =8V.
11i) Removing the source of e.m.f. gives the circuit of Fig. 6.10 (b) Resistance (Ry),

I

* Thevenin, a French engineer, developed work by Helmholtz and published this theorem in 1883.
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RR, _, 2x8
R, +R, 2+8
(iv) The equivalent Thevenin’s circuit is shown in Fig. 6.10 (c)

_ Vw8 =0.482A
Ry,+R 10+6.6

Hence the current flowing in the 10 Q resistor of Fig. 6.9 is 0.482A.

=5+1.6 =6.6Q2

RTh = Rs +

RAy=50 Ay=51 /
° A v A
Th =8V
7 660 A=101
Iﬁ_ 0.0 &,
+ o B B
(@) (b) (c)

Figure 6.10
Example 6.2: Use Thevenin’s theorem to determine the current I flowing in the 4Q
resistor shown in Fig. 6.11. Find also the power dissipated in the 4Q resistor.

-l | Fi
Ey=4V Ep=2V ]F.'::m
."'1=2 L) .r2='| L)

Figure 6.11

Solution
(i) The 4Q resistor is removed from the circuit as shown in Fig. 6.12(a)
_E-E, 4-2 2

r+r, 241 3

2 2
Vi =By =l =42 x2=27A

Il

A |
_m 2 A
Vﬂ _25 WV
n=210 20 A=41}
Rn :3-5._
B
(b) (c)

Figure 6.12
(iii) Removing the sources of e.m.f. gives the circuit shown in Fig. 6.12 (b), from
which, resistance

_2x1 2
™ 241 3
(iv) The equivalent Thevenin’s circuit is shown in Fig. 6.12 (c), from which, current,
v 2
l=—1 -3 _0571A
R, +R §+4

Power dissipated in the 4Q resistor, P=1°R=(0.571)*(4)=1.304W



Example 6.3: Use Thevenin’s theorem to determine the current flowing in the 3Q
resistance of the network shown in Fig. 6.13.
10 50

30| 10| 200 [~ 24V

F.igure 6.i3
Solution
(i) The 3Q resistance is removed from the circuit as shown in Fig. 6.13(a).

i1) The 139 resistance now carries no current. The voltage across 10Q resistor,
3 g

. 10

e (Vm) =305

(i) Removing the source of e.m.f. and replacing it short-circuited as shown in Fig.
6.13 (b) . The 20Q resistance may thus be removed as shown in Fig. 6.13 (c). From
Fig. 6.13 (c), resistance,

x 24 =16V

R, =12+ 20X° 5
3 10+5
(iv) The equivalent Thevenin’s circuit is shown in Fig. 6.13. (d), from which, current,
= Ym __ 18 _5a = current in the 3Q resistance
R T
1£ 0 £ . 1£ 0 £ ; A
100l| 20 R wa | Vi E
— —
& — B o= L B
(b) () (d)
Figure 6.13
Example6.4:Find the current through the 40Q resistor (R.) in the circuit of Fig. 3.14.
100 400
{1 —
A
oV R, =400 C,Dmv
B
| .Figure 6.14

Solution
To calculate V1, remove the resistor R, in Fig.6.14 to give the circuit of Fig. 6.15 (a)
and determine the potential difference between the terminals A and B. We therefore
need to calculate the current I. Applying KVL to the circuit and taking the clockwise
direction to be positive, we have

9-101-401+12=0

501 =21

| =21/50=0.42 A



Now, going from A to B via the 9V battery we have that

—10-10x0.42+9=4.8 =Vq.
This means that the potential drop is positive so that terminal A is at a higher
potential than terminal B and so the current will flow through R, from A to B.

[ 100 400
| |
A i SA
Dgu Vi 12V Dwn
O O B
‘ 7
(@) (b)
Figure 6.15
To calculate R+, replace the batteries by short circuits to give the circuit of Fig.
6.15(b).

Rmh= (10 x 40)/(10 + 40) =8 Q
Put these values for V1, and Ry, in the Thevenin equivalent circuit of Fig. 6.15 (c).
Then,
||_ - ETh/(RTh + RL)= 48/(8 + 40): 0.1A
Example 6.5: For the Bridge network shown in Fig. 6.16. Calculate the current
flowing in the 32Q resistor, and its direction, using Thevenin’s theorem.

Figure 6.16

Solution
(i) The 32Q resistor is removed from the circuit as shown in Fig. 6.17 (a).
(if) The p.d. between A and C,

; LS R - 2N L
Vae = ) (Ey = ( ) (54)
R4+ Ry 2411

=831V

The p.d. between B and C,

Ry C 14
Ve = ( = ) (Ey = ( ) (54
L e Al Evanel Rl

= 4447V
Hence the p.d. between A and B = 44.47-8.31= 36.16V = V1,

Point C is at a potential of +54V. Between C and A is a voltage drop of 8.31V.
Hence the voltage at point A is 54-8.31=45.69V. Between C and B is a voltage drop
of 44.47V. Hence the voltage at point B is 54-44.47=9.53V. Since the voltage at A is
greater than at B, current must flow in the direction A to B.




(ii1) Replacing the source of e.m.f. with a short-circuit gives the circuit shown in Fig.
6.17 (b). The circuit is redrawn and simplified as shown in Fig. 6.17 (c) and (d), from
which the resistance between terminals A and B,
L= 2L IS 1630
2+11 14+3
(iv) The equivalent Thevenin’s circuit is shown in Fig. 6.17 (e), from which, current
36.16
© 4163+32
Hence the current in the 32Q resistor of Fig. 6.16 is 1A, flowing from A to B.
C

E-54V

b C
240 ¢ 144 20 14 ()
{1 ——} -
A — B A —4 -—g{ ¢ b
e i ! I
1 p 30 110 30
d

Figure 6.17



6.2 Norton’s theorem™
Norton’s theorem states: any linear network containing an element connected to
two terminals A and B may be represented by an equivalent circuit between those
terminals consisting of an current source (ly) in parallel with a resistor (Ry) as shown

in Fig. 6.18.
Linear 4’“‘0 A
resistors Iy Ay
and
sources 480 5
(A) Linear Network with Two Terminals (B} Equivalent Circuit Across AB in (A)
Figure 6.18

The current Iy is that which would flow through a short circuit connected
between the terminals A and B, and Ry is the equivalent resistance between the
terminals A and B with the element removed and with all sources removed.

The procedure adopted when using Norton’s theorem is summarised below.

(i) remove the portion of the network across which the Norton's equivalent circuit is
to be found,

(if) determine the short-circuit current Isc flowing in the branch from where the
portion has been removed. It is also called Norton current (1),

(iii) Compute the resistance of the network as looked into from these two terminals
after all sources have been removed (voltage sources are replaced by a short circuit
and current sources are replaced by an open circuit). It is also called Norton
resistance (Ry),

(iv) Draw the Norton equivalent circuit and connect back the portion of the circuit
previously removed to its terminals,

(v) Finally, calculate the values of the currents or voltages from the equivalent circuit.
Example 6.6:Use Norton’s theorem to determine the current flowing in the 10Q
resistance for the circuit shown in Fig. 6.19

Figure16.19

Solution
Following the above procedure:
(i))The branch containing the 10Q resistance is short-circuited as shown in Fig.
6.20(a).
(i) Fig. 6.20(b) is equivalent to Fig. 6.20(a).
10
Iy =5 = 5A
(iii) If the 10V source of e.m.f. is removed from Fig. 6.20 (a) the resistance ‘looking-
in’ at a break made between A and B is given by:

* In 1926 Norton, an American engineer, introduced an equivalent circuit which is the dual of Thevenin's
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_2><8

R, =1.6Q
2+8
/
A - 1
| Ip=5A
50
10 V 10 v
SRR 1r*’SC© Ry|[1860 I
20 20 10 €2
- B - . Ie
(a) (b) C

Figure 6.20
(iv) From the Norton equivalent network shown in Fig. 6.20(c) the current in the
10Q resistance, by current division, is given by:

[ = (]—')(5] = 0482 A

L6+ 54+ 10,

as obtained previously in Example 6.1 using Thevenin’s theorem.

Example 6.7: Use Norton’s theorem to determine the current | flowing in the 4Q

resistance shown in Fig. 6.21.
1 1

av 2y

4§.‘![

Figure 6.21

S

20 1102

Solution
(i) The 4Q branch is short-circuited as shown in Fig. 6.22(a).
(if) From Fig. 6.22(a),

1 2

4 2
ff;{'=f|+a’3=E+T:4A

(iii) If the voltage sources are removed the resistance ‘looking-in’ at a break made
between A and B is given by:
2x1 2
\ = =-Q
2+1 3
(iv) From the Norton equivalent network shown in Fig. 6.20(b) the current in the 4Q
resistance is given by:

] gl
= [ —— ) @)= 05714,
34

b

Iz

4% &y

24 14

[E1]

Figure 6.22



Example 6.8: Use Norton’s theorem to determine the current flowing in the 3Q
resistance of the network shown in Fig. 6.23.

2
150 50

24V
30 | o | (200

Ifigure 6.23
Solution
(i) The branch containing the 3Q resistance is short circuited as shown in Fig.
6.24(a).

(if) From the equivalent circuit shown in Fig. 6.24(b),
Isc = ”_j =4.8A
(iii) If the 24V source of e.m.f. is removed the resistance ‘looking-in’ at a break made
between A and B is obtained from Fig. 6.24(c) and its equivalent circuit shown in
Fig. 6.24(d) and is given by:
o 10x5 .1,

10+5 3
(iv) From the Norton equivalent network shown in Fig. 6.24(e) the current in the 3Q
resistance is given by:

. . :
= (+) (48)=2A,

Izt 1543

as obtained previously in Example 6.7 using Thevenin’s theorem.
5102 5L 5 L2
ol A

Isc 100

| S )

5]

he
I
=
-

_

g

aj (o) (ci |

id) (a)
Figure 6.24



6.3 Thevenin and Norton equivalent circuits
The Thevenin and Norton networks shown in Fig. 6.25 are equivalent to each
other. The resistance ‘looking-in’ at terminals AB is the same in each of the
networks, i.e. (Rth= Rn).

fo ] A
T rs
- @IN RN
R
B B
fa) (b}
Figure 6.25

If terminals AB in Fig. 6.25 (a) are short-circuited, the short-circuit current is given
by Vi/Rq. If terminals AB in Fig. 6.25 (b) are short-circuited, the short-circuit
current is Iy. For the circuit shown in Fig. 6.25 (a) to be equivalent to the circuit in
Fig. 6.25 (b) the same short-circuit current must flow. Thus Iy = Vin/R .
Source Transformation

Using a Norton equivalent circuit, a voltage source with a series resistor can be
converted into an equivalent current source with a parallel resistor. In a similar
manner, using Thevenin theorem, a current source with a parallel resistor can be
represented by a voltage source with a series resistor. These transformations are
called source transformations. The two sources in Figure 6.26 are equivalent between

50 | 30
A . B D SA e B fﬂ-‘ﬁ D
e -9
10V = 20 ”‘C) =50 240 20
c " —e

Figure 6.26

current through or the voltage across an element which is variable.



6.4 The maximum power transfer theorem
Fig. 6.27 shows the Thevenin equivalent circuit of a network. The power in the load
resistor R is given by

P|_ =||_2 R|_ .
But I = VTh/(RTh + RL), so that
P = Vin?RL/(R + RL)?
R.?Il
MW

Vi E;L

Figure 6.27
As R, varies, with V1, and Ry being constant, this will be a maximum (or a
minimum) when dP_/dR_ = 0. Using the technique for differentiating a quotient we
get
dPy/dR, = [(Rry + RL)? Vri? = Vi RU(2(Rmn + R1)]/(Ro + RL)*
This will be zero when the numerator is zero, i.e. when
(Rt + RL? V™ =2V Ri(Rm + Ry)
Rm + R.=2R,
Rm=RL
This can be confirmed as a maximum, rather than a minimum, by showing that
d’pL/dRL? is negative.

The power delivered to the load is therefore a maximum when the resistance of
the load is equal to the internal resistance of the network, and this is called the
maximum power transferred theorem. The actual value of the maximum power
transferred is obtained by putting R, = Ry, into the equation for P,. This gives
Prax= Vi Ry IR+ RL)2 = Vi’Ry /(2R|_)2
Prax= Vi’ /4R
Typical practical applications of the maximum power transfer theorem are found in
stereo amplifier design, seeking to maximise power delivered to speakers, and in
electric vehicle design, seeking to maximise power delivered to drive a motor.
Example 6.9: Find the value of the load resistor R_ shown in Fig. 6.27 that gives
maximum power dissipation and determine the value of this power.

Ty
Al 20 ﬁm

Figu‘re 6.27

Solution

Using the procedure for Thevenin’s theorem:

(i) Resistance R, is removed from the circuit as shown in Fig. 6.28 (a).

(if) The p.d. across AB is the same as the p.d. across the 12Q resistor. Hence V1,
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- 12x15 ..,
12+3
(ii) Removing the source of e.m.f. gives the circuit of Fig. 6.28 (b), from which,
resistance,
12x3

R, =—27°_2.40
™ 1243

(iv)The equivalent Thevenin’s circuit supplying terminals AB is shown in Fig. 6.28
(c), from which,

_ Vi,
RTh + RL
For maximum power, R_ =Ry, =2.4Q
12
Thus current, | = ———— =2 5A
' 24424

Power, P, dissipated in load Ry,
P=I"R = (257(24)=15W.

A A
- 1%
Vi 1QQE1SVRBQ Ry n
! @ 30 ﬁ r=240
@ ° %
Figure 6.28

Example 6.9: Consider the circuit shown in Figure 6.29. Reduce the portion of the
circuit to the left of terminals a—b to (a) a Thevenin equivalent and (b) a Norton
equivalent. Find the current through R = 16Q, and comment on whether resistance
matching is accomplished for maximum power transfer.

Solution
(a) KVL: 144 —241; —481;, —96 =0,0r 7215 =48, 0r I}, = 25 A

Vie = 144 — 24(2y) = 128V
48 x 24

Rep — 48|24 = — == _
Th | 48 + 24

16 €2

[ =128/32 =4 A

(b) [SC — IK; ;ﬂk
I=8x16/(16-+16)=4A

Since R =Rm
Maximum power transfer is accomplished.



(a)

AN o
160 I
+
* 0 o
(c) (d)
. 9 o
» » » O --- '
ol
4 4
zAcD 348 Q C‘Dm %:uz Y’ %43“ é‘J' N
h
& & & o --- ¢ °
(e) (1)

o@D Fer Fe

Figure 6.29

Note: When the independent sources in the network are deactivated. The Ry can also
be determined as Ry, = Vo /ls, Where V. is the open circuit voltage across terminals
A and B and I is the short circuit current that will flow from A to B through short
circuit. It is easy to see the following relation between Thevenin equivalent circuit
parameters and the Norton equivalent circuit parameters:

RN = RTh and IN = VTh /RTh




Example 6.10:Consider the circuit of Figure E2.1.2(a), Obtain the Thevenin
equivalent at terminals a—b.

Solution:
KCL at node a: I +91 =1, or I} =10/
KVL for the lefi-hand mesh: 20007 4+ 2007y = 10, or 40004 = 10, or [ = 1/400 A
Voe = 2000 = 200(1/400) =05V

Because of the presence of a dependent source. in order to find Ry, one needs to determine [
after shorting terminals a—b, as shown in Figure E2.1.2(b).
Note that /; = 0, since V,,, = 0.

KCL at node a: lee =914+ 1 =101
KVL for the outer loop: 20000 =10, or I = 1 /200 A
I = 10(1/200) = 1/20 A

Hence the equivalent Thévenin resistance Ry, viewed from terminals a—b is

Voe 0.5
Ry = = — = 1052
Th !J a0 I,-'.I .I{ }
_ _ -, _ L
—— 9 o
2000 '
+
@9 200 0 <f>91
I .
& o
i(a)
i
p—ANN O
2000 0 '
L
@9 200 0 91 b
I _
(b
VATAYA O +
Ryp = 10 £ -
+
&
-
(c)
Figure 6.29



Problems

1. Determine the voltage across the 202 resistor in the following circuit of Figure
2.30 with the application of superposition. (Ans. 32.25V)

b Ll

W——EO——
6A
+ +
: V
@9 V glzgz <1>5 g:ﬂﬂﬂ gzmz
. il ol
Figure 6.30

2.Find the Thevenin and Norton equivalent circuit seen by the load R, in the circuit of
Figs. 2.31.

AWy
6 20 50 a
oy *ww l.ﬁ||||'| .' A A E}
ov{*
05 A JD 40 .mg éRJ
100

3kL G kL2

.

[ 2]
sr
e

3k0 §R,.

| Mng 2 kL) ' 6 kil

12V

Figure 6.31

+++++++++

Millman's theorem
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2 LaS s 515l Ao ddadi yall g (M sl Ao da glia Lgaa) 4l 4l jalian (e 330 (6
Oy lldyg Aol Ao daglia poa (AlSa da) g Al gh jauaa ) W Ll (Say (JSA)
Sl A lai o el ) dalal) G99 (Rp) dagliall (& Ll of A8 64 il

M e 1

Req 1 1 1 1
4 —
Ry R, R Ry
+ £ + £ + £ + .-+ Ex
E = 1 1 1 1
Ry R, R Ry

Jall Cptiallil) pilataal) aadling

A o8l jalaa Cpa LN Gagad ola) CAMA) Adla Ly aty AU Al 3 LEY) 4
Example: Using Millman's theorem, find the current through and voltage
across the resistor (R,)

E, E,

b LU [ V—

E;

R1§5Q R3§4Q R;g:ﬂ

Solution:
BB E
Ri Ry R;

Fq= 1 1 1
Ri R R

Rqu 1.053 (2

&8
-

(E1&E3) (nodaal Akl 1Slaa diplad ()Y (Ep) Laeaall Alull 5 ,L5Y)

L 10V 16V _ 8V
50} 40 21}

Eeq = 1, 1 1 -
50 40 210

.
2 _ -
0.05 2.105 %

o1 YL il dnia and /400 HeS il g




1 1

R, = = =01.053 )
=4 1,1 1 0.95
500 40 20
From equivalent circuit
2.105V 2.105V
I - 105V _ 2105V _ oo

10530 +30Q 40530
V; =I;R; = (0.519A)(3Q) = 1.557V

Dual Millman's theorem:
5 daglia Lgda JS 2 All g (current sources) Ll sslaa ¢ 4l gia ds gana
@JUJ‘U.\GMJUA&AJAUJMJMUJ\QJMA‘L)SAA M\GA)@L.\LASc ‘SJ‘J.\S\

IN Ieq

RLE mp- Req RLZ

:cpililaadl 5 (log) 3 (Req) sy

;o +I1R; * LR, * LRy
- R+ R, +R;

R{.q=R1+R2+R3

AC power




EXAMPLE 15.8 Determine the input impedance to the series network of Fig. 15.23. Draw the impedance diagram.

stﬂ XI:?Q XC=3Q \j
W—00——
I'\ X_[:?Q
N VR - V- iy,
E=50V/0° Il
XL_XC=4Q T

|
Fig. 15.23. S/
Solution: 4 I
Vv :
Zr=7,+Z, +Z;=R £0° + X7 £90° + X £—90° oy = 53130
=30+;70-30=30+;40Q '
R=3Q
Z;=5Q £53.1%
Impedance diagram: As shown in Fig. 15.37.
| Xc=30
E 50V £0°
- = _ = —53.13° e
I Zr 5Q/5313° 104 £=53.13 Fig. 15.37.
Ve =1Zz = (I £0)(R £0°) = (10A £—-53.13°)(3 Q 20°) .
=30V £-53.13° ’ .
Vy=1Z; = (1 £6)(X; £90°) = (10 A £—53.13°)(7 Q £90°) -
=70V L36.87°
Ve=1Zc= (I L)X £-90°) = (10A £—53.13°)(3 O £—-907) NG \\
=30V £L—143.13° Iy N
_ . o 36.87° N
The phasor diagram of Fig. 15.38 indicates that e~ >
the current I is in phase with the voltage across the resistor, lags the / N St *
voltage across the inductor by 90°, and leads the voltage across the - //
capacitor by 90°. < v
R
FIG. 15.38

VOLTAGE DIVIDER RULE

The basic format for the voltage divider rule in ac circuits is exactly the same as that for dc circuits:

_LE
Zr

V,

where V, is the voltage across one or more elements in series that have total impedance Z,. E is the tota
voltage appearing across the series circuit. and Zz is the total impedance of the series circuit.

EXAMPLE 15.10 Using the voltage divider rule. find the unknown voltages V. V. V. and V; for the

clreuit OfFlg. 15.41. R=60 X, = 90 XCIF 170
Mg
4 + Vp — I _‘_[_—\'C__

E = 50V £ 30° @ Vi

- |

Y

FIG. 15.41
Solution:
V. — 7:E _ (6 Q2 £0%)(50V £30° _ 300 ~230° _ 300 £30°
R Ip+Z;+Z: 6Q/0°04+90/90°+17Q02-90° 6+4+j9—j17 6—78

300 £30° _ . 110
7}0 7 33 13° 30V ~£83.13

ZiE (90 £90°)(50V £30°) 450 V./120°
Zr 100 £—-53.13° 10 £—53.13°
=45V £173.13°

"71 =



ZE (170 £-90°)(50V £30°) 850V, —60°

V. = _
¢z 10Q 2 —53.13° 10 £ —53°
=85V £/ —6.87°
v, _ (Z:+ZJE (90 £90° + 170 £ —90°)(50V £30°)
! Z: 10Q 2 —53.13°
_ (8 £-90°)(50 £30°)
10 £ —53.13°
400 £ —60°
=TT 40V L —6.87°
10 £ —53.13°

CURRENT DIVIDER RULE
The basic format for the current divider rule in ac circuits is exactly
the same as that for dc circuits: that is, for two parallel branches with
impedances Z,; and Z, as shown in Fig. 15.76.

— I z,
—1, z,
FIG. 15.76

EXAMPLE 15.15 Using the current divider rule, find the current
through each impedance of Fig. 15.77.

Solution:
Lo Zdr _ (4Q/90°9(20A £09) _ 80A£90° l‘ ll‘t
R Ze+Z, 3Q020°+402,90° 5.£53.13° 1=20A/0 2
— 16 A £36.87° R§3 0 Xlgztﬂ
p o Zelr (3O L0(Q0AL0°) _ 60AL0°
L 7.+ 17, 50 £53.13° 5/5313° o
= 12A £ —-53.13° FIG. 15.77

EXAMPLE 15.16 Using the current divider rule, find the current through each parallel branch of Fig. 15.78.

R X

Ir = 5A / 30°

—

XC
I(
AN
20
FIG. 15.78
Solution:
L — Lol 202£-909(5A£30°) _ 10A£—-60°
AL Ze+Zrr  —j20+10Q0+/80 1476

10 A2 —60°
= ————F————— = 1.04¢ - 540
6083 230540 — L644A L—140.54

Zpidlr _(1Q+780)(5A 309

I = _
C Zaps+ Ze 6.08 () £80.54°
_ (8.06 £82.87°)(5 A£30°) _ 4030 A£112.87°
6.08 £.80.54° 6.083 £80.54°

= 6.625 A ~32.33°



EXAMPLE : For the network of Fig. 16.

a. Calculate Zr.

b. Determine I..

¢. Calculate Vi and Vi

d. Find I. E = 120V 2 0°

Solutions: ‘ FIG. 16.1
The total impedance is defined by

Z;=7,+17,
with
Z,=R/0°=1Q20°
(X £-90°)(X; £90°) _ (20 £-90°)(3 & £90°)

Z,=Zc|Z;= : :
2= el Z; —Xe+jX; —j2Q+/3Q
60/0° 6020°
= = =60 £-90°
il 1290°
and

Z,-Z,+Z, =10 —j60 = 6.08Q 2—80.54°

_E _ 120V20°
Zr 6080 .-80.54°

b I = 19.74 A ~80.54°

¢. Referring to Fig. 16.2. we find that V; and V. can be found by a
direct application of Ohm’s law:
Ve=LZ; = (19.74 A £80.54°)(1 () £0°) = 19.74 V £80.54°
Ve =17, = (19.74 A /80.54°)(6 Q 7 —90°)
=118.44V £ —-9.46°

d. Now that Vi is known, the current I can also be found using Ohin’s

law.
Ve 11844V £ -946°
Ic=—-= - = 59.22 A £80.54°
= Ze 20 Z-90° 8 2
Wy
EXAMPLE For the network of Fig. 16.5: T L 50
a. Calculate the voltage V- using the voltage divider rule. + -
b. Calculate the current L. Xng QO E@ 20V £20° Xp F=120V,
Solutions: - -
a. The network is redrawn as shown in Fig. 16.6, with
Zi=50=502,0°, Z=—120=1202-90° FIG. 16.5
Z;=+j80 =80 2£90° I, I
, Z.E (120 £-90)(20V £20°) T
"C = = ; . Is Z,
7, +17, 50-7120 N
240V L-70°
=————— =1846V / —-2.62° Z, C)E
13 £ —67.38° Y _ 4
E 20V 220° v
b I=--="""""=25A/,-70° =3
'z, 80.,90° ‘ -
E 20V £20°
L = = . = 1.54 A £87.38"
P Z,+Z, 13Q,-673%° FIG. 16.6
and

L=0L+5L=25A/-70°+1.54A ~£87.38°
= (0.86 —j 2.35) + (0.07 + j 1.54)=0.93 —j 0.81 = 1.23 A £ —41.05° 5



EXAMPLE For the network of Fig. 16.14:

a. Compute 1.

b. Find I,. I,. and L;.

¢. Verify Kirchhoff’s current law by showing that
I= I] + Ig + 13

d. Find the total impedance of the circuit.
.R3 =8 Q XT_‘ =3 Q

I
- A m\
Zr 1 2 I;
+ R, =30
E=ZODV£0“‘@ Rl§100 X TR0
- ;;' X a0

. FIG. 16.14
Solutions:

a. Redrawing the circuit as in Fig. 16.15 reveals a strictly parallel net-
work where
Z, =R =100 20°
Lry=Ry+jX;,=30+j40Q
Zs=Ry+jX, —jXc=8Q+730-/90=80-;6Q

—

. I 111 lll ll;

E = 200v40°® zZ, zZ, Z;

The total admittance is

&7}' = le + 172 + 173

111 1 1 1
Z, Z, Z; 100 3Q+j40 80-;6Q
—01S+ L 1

50 £53.13° * 10 Q) ~ —36.87°
=01S+02S2-53.13°+0.1S £36.87°
=01S+012S—-;0.16S+0.08S +;70.06S
=03S—-j01S=0316S £—-18435°

The current I:

I=EY;=(200V £0°)(0.316 S ~—18.4357)
= 63.2A £/ —18.435°
b. Since the voltage is the same across parallel branches,

E 200V ~20°

= —=""""_—20A.,0°
1z, 100200
E 200V 20°
L=—=—"—"""_=40A ~-53.13°
P Z, 50/53.13°
E 200V £0°
L=—=—" """ —20A2+3687°
P Zy 100 L—3687°
C. I = Il + 12 + I3

60 — 720 =20 £0° + 40 £—53.13° + 20 £ +36.87°
=(20+,/0)+ (24 -3+ (16 +/12)
60 —j20 =60 —;20 (checks)

1 1 o ;
Yr 0316S £—18435° s and Al 568 il 5

d. Zr:



1 For the network of Fig. 16.46:
a. Find the total impedance Zy and the admiftance Yr.
b. Find the cutrents I;. I, and I5.
¢. Verify Kirchhoff’s current law by showing that I, =1I; + I, + Is.

—_—
L ¢ 1k
- ;;- 110 Ry § 16 Q
E=60VZO“® R3§3Q
Ty, R, =20 Xp A= 70
X‘T-z
150 1
FIG. 16.46 ’
2: For the network of Fig. 16.47:
a. Find the total admittance Y1
b. Find the voltages V; and V.
¢. Find the current Is.
30
Wy
R, I3 - Vit
- h‘v
40 vy
R, = 6810}
\| Yr
/1 N -
X
08 x, ! v, =R =820 T 1=3A/3°
Xe, =
|
I\
4 ()
Ry =
30 FIG. 16.47
3 Find the current Is for the network of Fig. 16.50. Note
the effect of one reactive element on the resulting calcu-
lations.
R, R; Ry Is
Wy Wy Wy
120 1200 120

_|_

E=100v40°® R2§20ﬂ R4§200 P

Jl
)
=)
=

FIG. 16.50

4: Find the current I for the network of Fig. 16.52.

Xy, Xz,
L 20 I
8 () g8}

I=O.5A£O°Q> Xe, AR 20 X, FR20 RZI10

)3“93




THE TOTAL P Q, AND S

The total number of watts, volt-amperes reactive, and volt-amperes. and the power factor of any

sy
1
2.

3.

EXAM

stem can be found using the following procedure:
Find the real power and reactive power for each branch of the circuit.

The total real power of the system (Py) is then the sum of the average power delivered to each
branch.

The total reactive power (Qy) is the difference between the reactive power of the inductive loa,
and that of the capacitive loads.

The total apparent power is Sy = \V Pr + Q%
The total power factor is Pr/St.

PLE: Find the total number of watts. volt-amperes reactive. and volt-amperes, and the power

factor F,, of the network in Fig. 19.17. Draw the power triangle and find the current in phasor form.

Load 1
o 0 VAR
i 100 W
I
Load |2 Load| 3
E = 100V £0° 700 VAR (L) 1500 VAR (C)
200 W 300 W
o>
FIG. 19.17
Solution: Construct a table such as shown in Table
Load W VAR VA
1 100 0 100
200 700 (L) V(200)* + (700 = 728.0
300 1500 (C) \/’(300)2 + (1500)2 = 1529.71
Pr = 600 Or = 800 (C) Sr = V(600> + (800)> = 1000
Total power dissipated Resultant reactive power of network | (Note that S; # sum of
each branch:
1000 # 100 + 728 + 1529.71)
Thus,

The power triangle is shown in Fig. 19.18.

Sinc

of cos 6 = F,, 1s the angle between the mput voltage and current:

Pr _ 600W
F,="F=—"""—— 0.6 leading (C
»~ Sy 1000 VA cading (C)

Pr = 600 W

5313° = cos 106
e Sr=FVI=1000VA, 7= 1000 VA/100V = 10 A; and since #
Or = 800 VAR (C

I=10A ~+53.13° Sy = 1000 VA

The plus sign 1s associated with the phase angle since the circuit is pre-

domina

ntly capacitive. FIG. 19.18






EXAMPLE
a. Find the total number of watts, volt-amperes reactive, and volt-
amperes, and the power factor F, for the network of Fig. 19.19.

R A1
——W\ /000
I 6 () 70
+
E = lOOVé'DQ@ XC;*_\.ISQ
FIG. 19.19

b. Sketch the power triangle.

c. Find the energy dissipated by the resistor over one full cycle of the
mput voltage 1f the frequency of the input quantities 1s 60 Hz.

d. Find the energy stored in. or returned by. the capacitor or inductor
over one half-cycle of the power curve for each if the frequency of
the input quantities is 60 Hz.

Solutions:

E 100V £0° 100V £0°
. 1= Zr 6Q+;7Q-j150 10Q 2-53.13°
Vz=(10A £53.13°)(6 Q £0°) = 60V £53.13°
V; = (10A £53.13°)(7 Q £90°) = 70V ~143.13°
Ve=(10A £53.13°)(15Q £—90°) = 150 V 2 —36.87°

Py = EIcos 6 = (100 V)(10 A) cos 53.13° = 600 W
=I’R = (10 A)P(6 Q) = 600 W

V2 (60V) .
=% = ¢ —60W

Sy = EI'= (100 V)(10 A) = 1000 VA
— I’Zy = (10 A)*(10 Q) = 1000 VA
E (100V)

= 10 A £53.13°

= — = 1000 VA
Zr 10 Q)
Or = EIsin 6 = (100 V)(10 A) sin 53.13° = 800 VAR
=0c— 0;

=I*(Xe — X7) = (10 A*(15 Q — 7 Q) = 800 VAR

Ve Vi (as50v)y  (70V)

Or = 1500 VAR — 700 VAR = 800 VAR

X X 15Q 70
Py 600 W Pr = 600W
F,=—=—"—"—"—"—=0.6leading (C
> 5r 1000 VA 2O —
b. The power triangle 1s as shown in Fig. 19.20.
. — VeI _ (60 V)(10 A) _ 107 Or = 800 VAR (C)
c R fi  60Hz S; = 1000 VA
;I (70V)(10 A) 700
d. W, = = = = 1.86J
L w, (@m60Hz) 377
Vel  (150V)(10A) 15007 FIG. 19.20
We=—= =" = == —398]

w1 377 rad/s 377

L‘):!‘jd



EXAMPLE

For the system of Fig. 19.21.

a. Find the average power. apparent power. reactive power. and F, for each branch

b. Find the total number of watts, volt-amperes reactive. and volt-amperes. and
the power factor of the system. Sketch the power triangle.

¢. Find the source current 1.

Heating Motor |9 = 82% Capacitive load

1+ . elements R 90

E = 208V £0° /\J 60-W @) g 6.4 kW S Hp
bulbs 1
- F, =072 X =120
lagging
Solutions: FIG. 19.21
Bulbs:

Py=12(60W)=720Ws Q; =0VAR 5 S; = P, = 720 VA »F, =1
Heating elements:
P,=64KW s O,=0VAR s S, =P, =64KVA,F,, =1

Motor:
P P 5(746 W) ]
— 0 s p-—2e_ TP W _ 454878W =P
T~ p - 0.82 3
fp=072lgging 0 as7sw
Pi=5,0080— Sq=—— = —— = 6317.75 VA
37 93008 37 Cos O 0.72

Also. 8 = cos 1 0.72 = 43.95°, so that
O; = S5 sin = (6317.75 VA)(sin 43.95%) = (6317.75 VA)(0.694) = 4384.71 VAR (L)
Capacitive load:
. E _ 208V,0° 208V /0°
Z 9Q-7120 150 .,-53.13°
P,=FR=(1387A)-9Q0 =1731.39W
O, = PXo = (13.87A)*- 12 Q = 2308.52 VAR (O)
Sy = VP + 0F = V(173139 W)? + (2308.52 VAR)?
— 2885.65 VA
P, 173139W
TS, 2885.65VA
b. Pr=P,+ P, + Py + P,
=720 W + 6400 W + 4548.78 W + 1731.39 W= 13,400.17 W
=20 202030,
=0+ 0+ 438471 VAR (L) — 2308.52 VAR (C)= 2076.19 VAR (L)
= 13.560.06 VA

= 13.87A £53.13°

F

b = 0.6 leading

Sr = VP:+ 0 = V(13.400.17 W)’ + (2076.19 VAR)?
Pr_ 134kW
Sy 13.560.06 VA

# = cos ' 0.988 = 8.89°

» = 0.988 lagging

Sy 13.559.89 VA 13560060 VR
S, =F] — [ =L o 22OV 519 §p= 13
c. Sg=EI I I 208V 65.19 A T
Lagging power factor: E leads I by 8.89°, and Pr=134kW
FIG. 19.22

I=06519A ~—8.89°

Qr = 2076.19 VAR (L)



POWER-FACTOR CORRECTION

The design of any power transmission system 1s very sensitive to the
magnitude of the current in the lines as determined by the applied loads.
Increased currents result in increased power losses (by a squared factor
since P = FR) in the transmission lines due to the resistance of the
lines. Heavier currents also require larger conductors, increasing the
amount of copper needed for the system. and. quite obviously. they
require increased generating capacities by the utility company:.

Every effort must therefore be made to keep current levels at a min-
imum. Since the line voltage of a transmission system i1s fixed. the
apparent power is directly related to the current level. In turn. the
smaller the net apparent power, the smaller the current drawn from the
supply. Minimum current 1s therefore drawn from a supply when S = P
and Oy = 0. Note the effect of decreasing levels of O on the length
(and magnitude) of S in Fig. 19.24 for the same real power. Note also
that the power-factor angle approaches zero degrees and F, approaches
1. revealing that the network 1s appearing more and more resistive at the
input terminals.

The process of introducing reactive elements to bring the power fac-
tor closer to unity 1s called power-factor correction. Since most loads
are inductive. the process normally mvolves introducing elements with
capacitive terminal characteristics having the sole purpose of improving
the power factor.

-

% 9'<0
.lll'..l &X

FIG. 19.24
Demonstrating the impact of power-factor
correction on the power triangle of a network.



EXAMPLE A 5-hp motor with a 0.6 lagging power factor and an

efficiency of 92% 1s connected to a 208-V. 60-Hz supply.

a. Establish the power triangle for the load.

b. Determine the power-factor capacitor that must be placed in parallel
with the load to raise the power factor to unity.

Solutions:
a. Since 1 hp = 746 W,

P,=5hp =5(746 W) = 3730 W
P 3730 W

and P; (drawn from the line) = —= = = 405435 W
] 0.92

Also. Fp=cosf =06

and 0 =cos ' 0.6 =5313°

Applying tan 0 = %

we obtain  Q; = P, tan 6 = (4054.35 W) tan 53.13°
— 5405.8 VAR (L)

and
S="VP+ 07 = V(405435 W)> + (5405.8 VAR)?
= 6757.25 VA

The power triangle appears in Fig. 19.26.

b. A net unity power-factor level is established by introducing a
capacitive reactive power level of 5405.8 VAR to balance ;. Since

* |
Qc = X S = 675725 VA
72 72 @5 = 540445 VAR (L)
then o= o (_208}) =8 () L
Oc 54058 VAR (O)
1 1 -
and C = 331.6 pF P = 405435W

T 2afXe  (2m)(60 Hz)(8 Q)
FIG. 19.26



EXAMPLE 19.6
A small industrial plant has a 10-kW heating load and a 20-kVA inductive load due to a bank

of induction motors. The heating elements are considered purely resistive (F, = 1). and the
induction motors have a lagging power factor of 0.7. If the supply is 1000 V at 60 Hz. determine
the capacitive element required to raise the power factor to 0.95.

Solutions:
For the induction motors.
S = VI=20kVA
P=Scosf=(20x10°VA)0.7) =14 X 10°W
6 =cos 10.7=456°
Op = VIsin 6 = (20 X 10° VA)(0.714) = 14.28 X 10° VAR (L)

The power triangle for the total system appears in Fig. 19.28. rﬁgk-
Note the addition of real powers and the resulting S £

Sr="V (24 kW)’ + (1428 kVAR)* = 27.93 kVA - N30752 N 45.6°

. - - 7 - — = =
_S5r_ 27T93KVA _ 55934 F=10 kW _ P 14 kW
E 1000V Heating  Induction motors

O =
14.28 kKVAR (L)

-

with Ir

The desired power factor of 0.95 results in an angle between S
and P of
6 = cos 10.95 = 18.19°

changing the power triangle to that of Fig. 19.29:

r

with tan 6 = i?)_r_ — Q7 =Ftanf = (24 X 10° W)(tan 18.19°)
T
= (24 X 10° W)(0.329) = 79 kVAR (L)

The inductive reactive power must therefore be reduced by
Or — 07 = 1428kVAR (L) — 79kVAR (L) = 6.38 kVAR (1)

Therefore. O- = 6.38 KVAR. and using O, =

_A—C r T
2 103 '\;’ 2 ) Q L= 79 kVAR (L)
Ye=E =— ( 3) — = 156.74 Q)
Oc 638 X 10°VAR PRy
1 1

= 16.93 uF FIG. 19.29

€= 2afXe  (27)(60 Hz)(156.74 Q)

T



+ The lighting and motor loads of a small factory establish
a 10-kVA power demand at a 0.7 lagging power factor on a 208-V. 60-Hz supply.
a. Establish the power triangle for the load.
b. Determine the power-factor capacitor that must be placed in parallel with
the load to raise the power factor to unity.
s The load on a 120-V. 60-Hz supply is 5 kW (resistive). 8 kVAR (inductive). and
2 kVAR (capacitive).
a. Find the total kilovolt-amperes.
b. Determine the F, of the combined loads.
c¢. Find the current drawn from the supply.
d. Calculate the capacitance necessary to establish a unity power factor.

e. Find the current drawn from the supply at unity power factor. and compare it
to the uncompensated level.



Ql « For the system of Fig. 19.42:

a. Find the total number of watts, volt-amperes reactive, and volt-amperes. and the power factor F,.

b. Draw the power triangle.
¢. Find the current I..

Load 1
200 VAR (L)
oW
Load 2 Load 3
. 600 VAR (C) 0 VAR
E = 100V £90 100 W 300 W
FIG. 19.42
Q2 s For the system of Fig. 19.44:
a. Find Pr. Or. and St. b, Find the power factor 7.
c. Draw the power triangle. d. Find L.
Load 2
100 VAR (L)
[E— 200 W
I_T
N Load 1 Load 3 Load 4
B . 100 VAR (L) 200 VAR (C) 200 VAR (C)
E =350V 260 @ 200 W oW 100 W
FIG. 19.44

Q3: For the circuit of Fig. 19.45:
a. Find the average. reactive. and apparent power for the 20-() resistor.
b. Repeat part (a) for the 10-£) inductive reactance.
c. Find the total number of watts. volt-amperes reactive. and volt-amperes.
and the power factor F,,.
d. Find the current I,

[
I:
E=60V 430°® R g 20 0 600 VAR (L) X;g 10 O

FIG. 19.45
Q4: For the system of Fig. 19.49:

a. Find the total number of watts, volt-amperes reactive, and volt-amperes, and F,,
b. Find the current I..
¢. Draw the power triangle.
d. Find the type of elements and their impedance in ohms within each electrical box.
(Assume that all elements of a load are in series.) .45
0 VAR
D 300 W
IE
Load 1 Load 3
+
_ - 500 VAR (C) 500 VAR (L)
E = 100V £0 @ oW 600 W




+++++++++HHHHHH
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L shes 10 Al il ) LS Vo Jeni(SH) b oY
A0 48Dl 223 5 (St) s I V) 0
St=Pt + jQt=\P* + Q°
O Cua
Pt= P1+P2+P3 (s b &l ol jail) ¢ sana (5 st LIS Agiaal) 5 ,0001)
Pt=0 +300+600=900 watt
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S
Qt= Q1+0Q2+Q3 (s b Aleliiall il 2l ¢ sana (5 ks LIS Aleliial) 5 ,l1)
Jaall 5 Al ) S5 Lgad (8 drnsia s (Q) g s J5Y) Jaall () Jlsaadl 8 22a Y
S (Qt) Floas maay Ml 5 4 g0 Lt 0 5S AL| Gile 58 (Q) g (o3l S
Qt=-500+ 0 +600=100VAR
(St) ¥ aslll e asais

St=900+j100= 905.5 6.34

A0 A8 e (1) cmend I3 2y
[t=St/Vt=905.5 6.34/100 0=90.5 6.34

Jelaa (ot Sl daiiall A slag) 4 allay Laily (5311 5 J) gy SN llaal)
pom s (S s AL gand B3l 5 i ghad 4l Jlpaad) 8 Waaaay Sl el 1 5yl
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(tan0) 4 N Jhas...(0) sl .. Baie o slaa ¢ oS5 Al o3 3 ol ()., ) gl
:Jall b Leabiag il il s

6 = cos”'PF _
Aleliiall 5,08l i Clual I A8MaD e 50ELLY) LiSay 3,080 Cilia e <Ll
(Qnew;) syl 4,
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Qnew:

LGl Qnewr
tanf=— =
0 Jskaal) Pt
Pt
ole i L) Gl Ailiadl) aacial) Y ALY a5 0 \giad Luii & (PE) O

:\_ﬂ.ﬁaj\ SJJﬁ\
sl Aeniiall (Ll o5 ) Ale il 5,81 a5 (QC) Fad et 2L
a..hj;j\ e Latal) 'éjjlﬂ\j (Qt) PRI d.é ;\_ﬂﬂ\ e Laial) B).ﬁ]\ Ol é)ﬂ\ ng\.uu

O ¢)...(Qnewy)

Qc= Qt - Qnew,
AUl A83all (e (X C) Ausmnad) 321 1) A s il
Xc=V?/Qc
ana (5 5 o dna oy 5 LY juadll 4508 Leuds b daudall 45168 ) Cs

5 il

i g yaall Bl (e 4 sllaal) (C) dansiall A o L
Xc=1/2nfC)

IV gal) 820 il aay Llle

1) 0=cos'PF=cos'1=0 ,tanf=tan0=0
2) tan® = Qnew; /Pt ====» Qnew,; =0 * 900 =0 VAR
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3) Qc=Qt- Qnew;=100-0 =100 VAR

4) Xc=V?*/Qc=(100)*/100=100 Q

5) Xc=1/QafC) === C=1/Q2xn*100 * 50)=
0.000031F

6) =300 u F

+++++++++H
Three phase circuit

...(three phae) skl 4536 i sall e dagsy dadie axd Jl gl Ja J8
‘L 5 (load) Jeall ) (generator) A sall o) sw day Jl) (e (e 65 lia 2 5
okl g 4 sall AUl SEMal) Al andius 5 (delta) Wl Ly oY )
IL=V3Tpn i, (1) (Ol Aales)
A Ol o (1) e, Jall a8 lall LN g4 g Jadd) s e (1)) Cas
(ilailaall) Jaally Slall il ) al pall cilile Jalyy
ball Hli e 4a 30 (30) @ ey Hohall i Lala
Ex: delta connection, 1,=20 20°, find I,
lon = I3 =203 =11.547 A ===> 1,,=11.547 50° A

VL =Vpn (Clastaie jshll gl dal g Ulall by ) 4) L 2) (A

sl A0 5l A0S Y 4l pa3 5 (Star) Wl das ;L

L= lon (OHasbaie Hshall g adll ol il day ) G8) (3) (Ml
okl
VE=V3 Vi oo, (4) (4l dlales)

skl Al @ e Aa 53 (30) @ pai adl) Al 6 Ladla

Ohels s sl Vo Y Laiy) L duadin and /gl jeS il g2



Ex: star connection, Vph=220 30°, find V.
V=V ¥V3=220*V3=381V ===V, =381 60°V

- Cdas 1) DUST a5 0 318 Lela o gliiall Lall il g 3 yaall Ll
P3yi=\3 ¥V * I * cos®
Qapr= V3 ¥V * I, * sin
Sapn=\3 *V_ * I,
PF3pn= c0s0 = P3pn/ Sapn
(1) 5 (V) o skl &l ) Jia (0) Cus

R Jj)"‘j‘j MLJ)M u\h%g_u;d\}wj\ d;é\ uy\ ‘;MLM\ s34 S
(star)
2 5 bl Aalall ClEdal) aadiics Gl

IL — IP_h '
Clas sllas (g1 hal ABEN (1) 5 (Vph) Sl 58 Jsadly 531 sl

Q,Jgu
la, Ib, Ic (A shall el L)
Van, Vbn, Vcn (8341 ) ghall <l ¢)
A A Jaal il 8 A sl A ge LS 1l 53 93 gl e slaal
5 il shall 44 68 i
Vo= VL /\3=400/V3=231V
(g sl il 8 SO Ll ey 18
Van =231 -30°V
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Vbn=231 90° V
Ven =231 -150°V
o9 il < S ) Al Slall (e Lgalitin a3 28 ghall 48 6al L) 5 30 ol Jaadls
(30°) @ Jualuailly el 3 plaiall ) shall 4l 8 e anéis Jadl) 4l 58 )
ol 058 e skl L Clus (Sadll (e sy ) shall 41 8 Ciluas a2y
(1=V/Z)
O g 48Dl )\jjamg;jm.q,gﬂ\ Qéﬂﬁ(h)\p)@jmguuw\ OY s
(120%) s_laie Lagins sk (3
dand dalee Laie oY (polar) dava ) Axilaall J g
Zan=Zbn=Zcn=10+j5=11.18 26°Q
la=Van/Zan=231 -30° / 11.18 26°=20.66 -56°
lb=Vbn/Zbn=231 90°/11.18 26° =20.66 64°
Ilc=Ven/Zen=231 -150°/11.18 26°=20.66 -176°
e (s (IN) sl s o) ) s ) Calhad)
In = lan+lbn ) AN ) ska3U Gl Ll aes daala (5 5k J sl i o) Lag
(+ Icn

(IN=0) ¢ i B3N &l Hdll (e (gia gai
In =20.66 {-56° + 20.66 {64°+ 20.66 176" =
O a3 &b aa g (rectangular) ) dassd ) zlisg ges e Livie Y L

Pg}uw ‘

EEN Lee ) il 3580 dlay 5 yilae 308l il 8 Ggadad Callil) (alladll
Paoi= V3 ¥V * I * cos® = \3 * 400 * 20.66 * cos 26° = 12865 W

Ohels s sl Y, Y Laiy) L duadin and /gl jeS il g2



Qapr= V3 ¥V * I * sin 6 = V3 * 400 * 20.66 * sin 26° = 6274
VAR
Sapn= V3 ¥V * I = 14313 VA
PF3n= cos® = Py / S3pn = 12865 / 14313= 0.8988
(I.=1pn) OsSo X (star) sa ol ;) ddaadl
(COS 26°=0.898) (= 3 ila (PFgpn) o (Say 1Y Alaadle

+++++++++
Q1: For the Y-A system of Figure,

a. Find the phase voltages in phasor form.

b. Draw the phasor diagram of the voltages found in part (a), and show that their sum
Is zero around the closed loop of the A load.

c. Find the phase current through each impedance in phasor form.

d. Find the line currents and generator phase voltages.

e. Find the total watts, volt-amperes reactive, volt-amperes, and Fp of the three-phase
system

A a
L A —
].-lc: - -
g 10 0 10 0
E_'lB =220V LO"' ‘_C ‘.\.‘ ‘_\15
Ecy = 220V £+120° . Ty N
100 100
N
. _
Iy
: 000 ——AWy ’
5 l I, 10 0 100
. . —
_ S +
/..-b

Egc . EEJ\?L—I;B'{:‘
Q2: For the A-A system of Figure,
a. Find the phase currents in phasor form.
b. Draw the phasor diagram of the currents found in part (a), and show that their sum
Is zero around the closed loop of the A load.
d. Find the line currents.
e. Find the total active, reactive , apparent, and Fp of the three-phase system



P

E z = 100V £0°

Ecy= 100 VZ+120°
20 Q)

.—-—"'"/
Y

Epc = 100V £ -120°

Q3: A balanced star-connected load of (Z=8 + j6 Q) per phase is connected to a
balanced 3-phase 400V, star- generator as shown in Figure.

a. Find the load phase voltages.

b. Find the line currents and show that their sum is zero through the neutral line.

e. Find the total watts, volt-amperes reactive, volt-amperes, and Fp of the three-phase
system

A

e a2



Q1: :- If the currents; 1,=10A, 1,=6A, 1,=2A, find the total resistance (Rt) and
source voltage (V).

I= 11 +1+15 =18Amp

V=1*I1=18volt, V,=9*1,=90volt (Ohm's law)
KVL to loop (abcda) - Vi-V, +V=0 q—18—90+V=O =) | V=108

RT: V/ IT =108/ 18 = 6€)

iR

Y I A it alaainly s il 40 da i) sl &35 Jall (5 a1 38k dlls daadl
AART=(3R/9)+1} (s st i 5 38N o i) e Jumas Jually g

L L s o o L L e s L L A o L  E pe o St A S
e

Q2: Use loop current method to find V; and 1.

Find "V"

h=-6...... (1), l3=6 ....(2), 121,-21,-213=4V; .....(3)
Substitute egs. (1) & (2) in eq. (3) yields;

BA
121,-2*%(-6)-2*6=4V mmmmp 12 |, +12 -12 =4V, | )

B0
\\_r-:;l' j'i-'l._‘
) 12 1,=4V, = 3|, = Vg |, =V, /3 .....(4) L L
From ohm's law: sad m ==‘“@Eﬂ==f
80 :

V1:( |3 - |2 )*Zﬂ V1: (6' |2)*2 ﬂVlz 12-2 |2 (5) W

Substitute eq. (4) in eq. (5) yields: . - n |
V,=12-2*%(V, 3), < e 149
Find "I" I=1 Amp i

V1 =36 /5 volt
Is=51 , 1=, I5- I,= 4‘ 5|-1=4 ===
e e e a2 B
+++++++HH

03: Use Kirchhoff’s laws to find the power absorbed by 2082 resistor.

S

KVL to loop (abcda) a 5‘-"‘ I1 1511
5-20-10(15-1;) — 10(10-1,) -20(5-1,)+ 51, =0

45 1,=365

I, =365/45 Amp 503 5A

P=I"R

P=(5-1,)*20=| 193.5 watt

C
d 511 10-I1
T
-+

Q4: If the voltage , V,,=6 V, find the total current (I).
First method:

Convert Y (3,3,3) - A VT
V=6 volt

[Vac|= [Vep|= 1/2V4, = 3volt
Apply ohm's Law
1:=1,=V,/1 = 3Amp

I= |1+|2 = 6A

Second method: use Nodal analysis

V,(1/3 + 1/3)-1/3V=0 ==mp 2/3V, - 1/3 V=0 =) 2/3V,=1/3 V. (1)

Vp(1/3 + 1/9)-1/3V =0 ===p 4/9 V/,— 1/3 V=0 ===p 4/9 V,= 1/3 V. (2)
equation (1) = equation (2) == 2/3 V.= 4/9V,

Ohels s sl A LAY L Aantin and /Al jeS il g2




=) V,=2/3V, == V,-2/3V,=0 (3)
But; Va=Ve V=6 == V.- V,=6
Solving equation (3) and equation (4)
1/3 Vp=-6 — V,=-18 volt — V,=-12volt
1= V| 19=2A , 1,= |V, [3=4A

=1 |2=6Amp

(4)

\_I
~
30
C
30
I2
a b
30 90
=—Vref
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