Asso. Prof.Dr.Mahdi Hatf Kadhum

Chapter — one
The Rate of Change of a Function

1-1- Coordinatesfor the plane:

Cartesian Coordinate- Two number lines, one of them horizontal (called
x-axis) and the other vertical ( called y-axis). The point where the
lines cross is the origin . Each line is assumed to represent the real
number .

On the x-axis, the positive number a lies a units to the right of
the origin , and the negative number —a lies a unitsto the left of the
origin . On the y-axis, the positive number b liesb units above the
origin whilethe negative where—-b liesb unitsbelow theorigin .

With the axesin place, we assign a pair (a,b) of real number to
each point P in the plane . The number aisthe number at the foot
of the perpendicular from P to the x-axis (called x-coordinate of P).
The number b isthe number at the foot of the perpendicular from
P tothe y-axis( called y-coordinateof P).
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1-2- The Slope of aline:

Increments — When a particle moves from one position in the plane to
another , the net changesin the particle's coordinates ar e calculated
by subtracting the coordinates of the starting point ( X;, y; ) from
the coordinates of the stopping point (X2, VY>),

i.e. Ax=x5,-X; , Ay=y2—y1.
Slopes of nonvertical lines:
Let L beanonvertical linein the plane,
Let Py(xy,y:1)and P, (X2, Y.) betwo pointson L.
Then theslopemis:
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:Ay:yz_yl
AX X, =X,

m where Ax#0

- A line that goes uphill as x increases has a positive slope . A line that
goes downhill as x increases has a negative slope.

- A horizontal line has slope zero because Ay=0.

- Theslope of avertical lineis undefined because Ax=0.

- Parallel lines have same slope .

- If neither of two perpendicular linesL; and L, isvertical , their slopes
m; and m, arerelated by theequation: m;.m,=-1 .

Angles of Inclination: The angle of inclination of a line that crosses the x-
axisisthe smallest angle we get when we measur e counter clock from the
x-axis around the point of intersection .

Thedopeof alineisthetangent of theline angle of inclination .

M=tan @ where @ is the angle of inclination .
- Theangle of inclination of a horizontal lineistaken tobe0°.
- Parallel lines have equal angle of inclination .
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EX-1- Find the slope of the line determined by two points A(2,1) and B(-1,3)

and find the common slope of the line perpendicular to AB.
Sol.- Slopeof ABis m,, = =¥ _3-1__2
X, =X, —=1-2 3

Slope of line perpendicular to AB is: —

3
m,, 2

EX-2- Use dopes to determine in each case whether the points are collinear
(lieon a common straight line) :
a) A(1,0),B(0,1),C(2,1) .
b) A(-3,-2),B(-2,0), C(-1,2) , D(1,6) .
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1- 1-1
a) mAszz_l and mBC:rozo;thB
Thepoints A, B and C arenot lie on acommon straight line.
ym. =02 _, o 2-0 _, o 6-2 _,
-2-(-3) -1-(-2) 1-(-1)

Since Mag = Mpc = Mcp
HencethepointsA,B,C,and D arecollinear .

1-3- Equations for lines: An equation for alineisan equation that is satisfied
by the coor dinates of the pointsthat lies on thelineand is not satisfied by the
coor dinates of the pointsthat lie elsewhere.

Vertical lines : Every vertical line L has to cross the x-axis at some point
(a,0). Theother pointson L lie directly above or below (a,0) . This mean
that : x=a V(X,y)

Nonvertical lines: That point — slope equation of the line through the point
(X1,Yy1) withslopem is:
y=yi=m(Xx-Xz)
Horizontal lines: The standard equation for the horizontal line through the
point (a,b)is: y=b .
Thedistancefromapointtoaline: To calculatethedistance d between the
point P(X;,y1) and Q(xz,Y>) Is:

d=y(%=% ) +(Y - ,)’
We use this formula when the coordinate axes are scaled in a common
unit .
Tofind thedistance from the point P( x;,y;) tothelineL , wefollow :
1. Find an equation for theline L' through P perpendicular toL :
y—-yi=m (X—-X;) where m'=-1/m
2. Find the point Q( x, , y») by solving the equation for L and L'
simultaneoudly .
3. Calculate the distance between P and Q.
The general linear equation :

Ax+By=C whereA and B not both zero.
EX-3 - Write an equation for the line that passesthrough point :
a) P(-1,3)withdopem=-2.
b) P(-2,0)and P,(2,-2).
Sol.- &) y-yi=m(x=x1) = y-3=-2(x-(1) - y+2x=1
b)

yz_y1= -2-0 __1

m= =
X,—X, 2-(-2) 2

Y-y, =m(x-x,)= y—0=—%(X—(—2)):> 2y+ Xx+2=0




EX-4 - Find theslopeof theline: 3x +4y=12.

&'--y=—%x+3:> the dope is mz—g

EX-5- Find :
a) an equation for thelinethrough P(2,1) parallel to L: y=x+2.
b) an equation for thelinethrough P perpendicular toL .
c) thedistancefrom P to L.
Sal.-
a)
snce L,/Li=> m,=m,=1= y-1=1(x-2) = y=x-1

b) SinceL; and L; are perpendicular linesthen :
m,=-1= y-1=—-(x-2)= y+x=3

C)

= 2

y=x+< w21 and y=E = P(21) and Qlé
y+Xx=3 2 2 22

=d=(Xg= % ) +(Yo— ¥p )? =45

EX-6 — Find the angle of inclination of theline: x@x+y=—3
Sol.-

y=—v/3x-3 = m=-43

m=tan®=-v3 = @=120°

EX-7- Find the line through the point P(1, 4) with the angle of inclination
D=60° .
Sol.-
m=tan® =tan60=+/3
y-4=+3(x-1)= y=+/3x+4-4/3

EX-8 The pressure P experienced by a diver under water is related to the
diver's depth d by an equation of theform P=kd+ 1 wherek a
constant . When d=0 meters, thepressureis 1 atmosphere. The
pressure at 100 metersis about 10.94 atmosphere . Find the pressure
at 50 meters.

Sol.- At P=10.94 and d=100 — 10.94=k(100)+1 — & = 0.0994
P=00994d+1,at d=50 — P =0.0994* 50+ 1=5.97 atmo.



1-4- Functions : Function is any rule that assigns to each element in one set
some element from another set :

=f(x)
The inputs make up the domain of the function , and the outputs make up
the function'srange.

The variable x is called independent variable of the function , and the

variable y whose value dependson x iscalled the dependent variable of the
function .

We must keep two restrictionsin mind when we define functions::
1. Wenever divide by zero.

2. We will deal with real — valued functions only.
|ntervals:

- Theopeninterval isthe set of all real numbersthat be strictly between
two fixed numbers a and b:

(a,b)=a<x<b

- The closad interval is the set of all real numbers that contain both
endpoints:

[a,b]=a<x<Db

- Half open interval is the set of all real numbers that contain one
endpoint but not both :

[a,b)=a<x<Db
(a,b]=a<x<b
Composition of functions : suppose that the outputs of a function f can be

used as inputs of a function g . We can then hook f and g together to
form a new function whose inputs aretheinputsof f and whose outputs

arethenumbers:
(9o )(Xx)=09(f(x))
EX-9- Find the domain and range of each function :

a) y=+x+4 , b) y_ 1
c) y=v9-x* , d) y—v -
Sol.- a) x+420> x>2-4=> DX.‘v’xz—4 , R :Vy>0

y
b) x-2#0= X#£2= D, :Vx#2
1

1 :
y= = X=—+2= R,:Vy#0

X—2 y
c) 9-x*>0=> -3<x<3= D, :-3<x<3
y=+9- x? X=TF+9-y?
snce 9-y*>0=> -3<y<3
snce y=0 = R,:0<y<3



d) 2—-x20=> 0<x<4= D, :0<x<4
if x=0=> y=+2
if x=4=> y=0

EX-10- Let f(x)=—— and g(x)=1+-=
x—-1 X
Find (gof)(x) and (f,g)(X) .
Sal.-

(9, f )(X)=g(f(x))=g(ﬁ)=1+ 1 _2x-1

1 1+~
(1,0)(x)= f(g(x))= f(1+—)=—x=x+1
X 1

EX-11- Let (g,f )(x)=x and f(x)=% . Find g(x).

S0~ (9, )(X)=g(%)=x:> g(x):%

1-5- Limits and continuity :
Limits: Thelimit of F(t) as t approaches C isthenumber L if:
Given any radius £ >0 about L thereexistsaradius ¢ >0 about
C suchthat for all t, 0<|t—-C|<& implies |[F(t)-L|<e andwe

can writeit as :

limF (t)=L

t—>C

The limit of a function F(t) as t—C never depend on what
happenswhen t=C.
Right hand limit : tIiré‘i F(t)=L
Thelimit of thefunction F(t) ast —C from theright equals L if:
Givenany ¢>0 (radiusabout L )thereexistsad >0 (radiusto
theright of C) such that for all t :
C<t<C+d= |F(t)-L|<e
L eft hand limit : tIirp_F(t): L
Thelimit of thefunction F(t) ast -=C from theleft equal L if:

Given any ¢ > 0 thereexistsa d > 0 such that for all t :
C-5<t<C= |F(t)-L|<e




