of x , then:

d gn-1,_ 1 du _
15) o 3N U_de l<ux<l
d 1, _ _ 1 du _
16 ) oS U= o7 & l<u<1
d 1,_ 1 du
17 ) ﬁtan u= 1+u12 dxd
-1y =— au
18) %—Xcot u= 1+1u2 dxd
19 M geclu= u u>1
) oM
d -1 1 du
20 —4-CC™ U =- u>1
) dx u| 4?2 — 1 o ju
EX-11- Find % in each of the following functions:
X
a) y=cot'1%+tan‘l§ b) y=sin™ )’;Ii
c) y=x.cos'12x—%x/1—4x2 d) y=sec'5x
e) y=xIn(sec'x) f)y=3"?
ol -
dy 1 1 1 1 4
a) - = 22(——2)4' 2.—= 2
2 4
dx 1+()2(] X 1+(;) + X
b) ﬂ: 1 (x+1).1—(x—1).1: 1
dx L [(x-1 2’ (x+1)> (x+1)Wx
_(x+1]
dy _ -2 1., 1 8% _ el
c) dx_XerCOS 2X 4.—1_4)(2 Cos - 2X
) dy 5 1

X [5x/25x? 1 [xv25x° -1

10



e)Oly

1 -1 1 -1
—==—= +In(sec™ x )= +In(sec™ x)
dx SeC1X\x|\/x2—1 X% =1.sec7t x
et A sin~t2x 2
f) X 3 '|n3'71—4x2
EX-12- Provethat :
d ..-1 1 du -1 1 du
Y — ud t — ud
a)dxsm u o7 o b) an—u= 12 07 dx
Proof : a)
1
u
\y
1-u?

Let y=sin‘1u:>u=siny:>$—cosy dy N1- dy

dy 1 du_ d 1 du
= —sm = ———
J1-u? X J1-u? X
b)
1+u?
u
\y
1
— tan-l du _ du / dy
Let y=tan u:>du—tany:>OIX s:ecyOI (1+u ) dx
dy_ 1 du_,d 1,1 du
:>dX_1+u2'dX:>dXtan u 1+ u? “dx

11



Hyperbolic functions: If uisany differentiable function of x , then :

21)
22)
23)
24)
25)
26)

d o _ du
c(lj_xsmhu_COShu'gx
e u
%—Xcoshu—snhu.d)é
_ 2,, du
d—é(tanhu—sech u.d)él
_ 2., du
OIXcothu— csch u'dx
d sechu=-sech u.tanhu.d—u
dx dx
d cschu=-cschu.cothy. du
dx dx
. dy . .
EX-13 - Find & for the following functions:
a) y= coth(tanx) b) y=sin™(tanhx)
c) y=|n’tanh§’ d) y=xsinh2x- 1 .cosh2x
e) y=sech®x f) y=csch®x

Sal. -

a) %=—csch2(tanx).sec2 X

b)

c)

dy _
dx

dy _
dx

sech®x  __sech® _ oonx
Ji—tanh?x +/sech?x

1
2 X
1 e 1_ cosh 5
tanh % 22 gppX
2 , 2
cosh)z(

1 S =csch x

o X X sinhx
2snh > .cosh >

12



d) %= xcosh2x.2 + sinh2x—%sinh2x.2= 2Xxcosh2x
e) %= 3sech®x(—sech x.tanh x )= —3sech®x.tanh x

f) dy _ 2csch x(—csch x.coth x ) = —2csch?x.coth x
dx

EX-14- Show that the functions:

2 t
X=———=snh—— and smh—+ cosh—
Taken together , satisfy the dlfferentlal equatlons.
oy
) OIt+x 0 and ||)O|t Olt+y 0
Proof -
t dx 2 t

X=—-—"=sinh— —=cosh——=

J— 3 3743

1 dy 1 t
—smh—+cosh—:> cosh
y= A3 A3

1 .
R A h
3ot 3N T Mg
dy 2 t t 2 ...t 2 t
I —+2—+x ——cosh—+—cosh + sinh sinh—=0
) dt f BB B3
dx _ay 2 t
“)dt dt cosh—

\@ \F (smhf \anhforCOthf =0

EX-15- Provethat :

a)—tanhu = sech?u. du and b)—sechu:—sechu.tanhu.%
dx dx dx dx
Proof-
du . - du
. coshu.coshu.— - — sinhu.sinhu.——
a) Y tanhu= d(smhu)= dx dx
dx dx \ coshu cosh?u
2 ainh?2 du
=(cosh u-sinh u)d _ 1 du_ ey du
cosh?u " cosh?u dx “dx
d 1 1 du _ _ du
b) X ol coshZy .sinhu. X sech u.tanhu.——

dx

13



Theinverse hyperbolic functions: If u isany differentiablefunction of x ,

then :
d 1 du
27 sinh~tu=
) ‘3 V1+u? dX
1
28) dxcosh u= \/7dx
d 1 du
29) OIXtanh U=7—"7dx u<1
d “1,_ 1 du
30) gcoth U=7""7dx u>1
d 1y 1 du
31) Wsech u= T o
d -1 1 du
32) —-csch™u=-
) u/1+u? X
. dy _ .
EX-16 - Find d—x for thefollowing functions :
a) y=cosh™(secx) b) y=tanh™(cosx)
c) y=coth™(secx) d) y=sech®(sin2x)
Sal.-
a) dy _ secxtanx _ SeCXtanX _ ooy where tanxs 0

dX Jsec?x-1  +tan®x
b) dy _ —sinx _—smx

dx 1-cos®x sin®x
dy _ secx.tanx _ secx.tanx _

c - = = —CSC X
) dx 1-sec®x —tan? x

d) dy _ 2.00S2X =-2csc2x  where cos2x>0

dX  §n2xA/[1—sin?2x

EX-17 — Verify thefollowing formulas :

—CSCX

d 1 du
a) cosh u= \/u7— X
d _ 1 du
b) ctanh™u =TT 07 X u<1

14



Proof
a) Let y=cosh'u=u=coshy
du dy _dy_ 1 du
dx dx dx ~ sinhy “dx
cosh’ y—sinh’y=1=u®’-sinh’ y=1=>sinhy=+Ju* -1

dy 1 du i coshly—__1  du

i1 dx Juz_1 dx

b) Let y=tanhu=u=tanhy
du 2 dy dy 1 du
dx =sech’y dX dx sechzy'dX
sech’y+tanh? y=1=> sech’y+ u® = 1= sech®y=1-u?
dy_ 1 du_.d 1  du

2 -1 - =
X" 1og Tk = g A= gy

=sinhy.——

The derivatives of functions like u’ : Where u and v are differentiable
functionsof x , arefound by logarithmic differentiation :

Let y=u"=Iny=v.lInu
1 dy v du dv

dx U dx+|nu dx

y

dy _ y[v du ﬂ}
o~ uax Mok
=Uu

[v au L inu. dv]

d
33) &u “dx dx

EX-18- Find & for :
dx
a)y=x" b) y = (Inx + x)*™™

ol. -

a) y=x

Cos X

d
= lIny=cosx.Inx= =+ % _ co;:,x

y dx
9y _ Jcosx g }
dx = y[ sinx.lnx
or by formula ,Whereu x and v = cosx

dy _ [ cosx
dx

+Inx.(=sinx)

—snx.In x]

15



b) y=(nx+x)"™ = Iny=tanx.In(Inx + Xx)
14dy_  tanx (1 2
y X Inx+x'(x+1)+|n(lnx+ X ).sec” X
dy _ | (x+1)tanx 2
:>dx— x(inx+ x) + In(In X + Xx).sec” x
or by formula ,whereu=Inx + x and v = tanx

dy _ [ tanx 1 }
v [Inx+x(x+1)+ln(lnx+x).sec X

- y[(:(rnlx)ia:)x +In(Inx + x).sec? x}

16



Problems -3

1. Find dy for the following functions:

dx
1) y=(x-3)(1-x) (ans.: 4- 2x)
2) y=aXTer (ans.:——)
3x+4 : 1
3 = ans.. ————
) y= 2X+3 ( (2x+3) )
5 . Ov? _
4 =3X" -2 - ans.: 9 — -
) y=3x-2Jx + v ( X &
2
1 3(x 1)
5) y=(x/x73— J (ans.: ————*=)
V¢
6) y=(2x—1)2(3x+2)3+#2 (ans.: (2x = 1)(3x + 2)2(30x — 1) = —2 )
(x—=2) (x-2)
_ 1
7) y=In(Inx) (ans.: x.Inx)
8) y=In(Cosx) (ans.: —tanx)
9)  y=Sinx® (ans.: 3x* Cosx®)
10) y=Cos?(5x* +2) (ans.: 30 Sin(5x” +4))
Cos'(5x°+4)
11) y=tanx.sinx (ans.: Sinx + tan x.Secx )
12) y=tan( Secx) (ans.: Sec?( Secx ).Secx.tan x)
_ 3f X+1 . 6 of X+1 of X+1
13) y=~Cot (x—l) (ans.: (X_1) Cot (X_lj.Csc (x—lj)
14) y= C?(sx (ans.: - xSmx;rCosx)
Sec? \/2x+
15) y=+tany/2x+7 (ans.:
2N2x + 7 Jtan/2x +7
16) y=x°.Sinx (ans.: x*.Cosx + 2x.Sinx)
2
17) y=Csc 34/5x (ans.: BJE)_ Cot\/a
Csc3 5x
18) y=x[Sin(Inx)+ Cos(Inx)] (ans.: 2Cos(In x))

17



19)

20)
21)

22)

23)

24)

25)
26)

27)
28)
29)

30)
31)
32)

33)
34)
35)

o : 10x
y=Sin"'(5x?) (ans.: ——)
J1-25x%x*
_ ot 1+ X 1
y=Cot™}( 14X (ans.:-—=)
_ 6X
N (ans: )
(4x° —1)ax® -2
y=Sec*(3x*+1)° (ans.: 18X
’3x2 + 1‘\/( 3x*+1)° -1
2 2
y=Sin‘1ﬁ+x2.Sec‘1% (ans.: Ax - X + ix +2x.Sec
(2—x)J(2—x)2—x -4

y=Sin"2x.Cos*2x

x(x+1)(x 2)
(x +1)(2x+3)

y=tan*(Inx)

3 _ /SN X.COSX

1+ 2InXx

\N x°.tan™' x
(3-2x)&/x

y

y=secte”

y = (cosx )"

y= (S'nx)tanx
y=+/2x% + cosh?(5x)

y = sinh(cos2x)
—cschd

y=csch ~

y= x> .tanh?+/x

(ans.:

V1-4x?

2(Cos'2x—Sin™2x) )

_Y|:l 1 1 2X 2
(ans.: —| —+ + - -
3l x X+1 x-2 x“+1 2x+3
)
x(1+(Inx)?)
3y(COtX_tanX_ 2 ))
2 2 X(1+ 2Inx)
1 2
+
3x (1+ x*).tan™ x 3-2x )

(ans.:

(ans.:

(ans.:

(ans.: 2y(

e -1
(Incosx — 2x.tan x))

.

ans.:

( 2/x
(ans.: y(1+ sec® x.Insinx))

ans.- 2X + 5cosh(5x).sinh(5x)

\/2x2 +cosh?(5x)
(ans.: -2sin2x. cosh(cost))

(ans.: icsch coth—)

(ans.: xtanhf(fsechzf+2tanhf))

18
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36) y=|nsinx.cosx+tan3x (ans.: cos’ x — sin” x + 3tan” x.sec” 1,
Jx sinx.cosx + tan® x 2X
37) y=log, sinx (ans.: (iOtj,(
38) y=e""*" (ans.: (2x—5e* )e ")
39) y=e“™™ (ans.: (X2 sec? X + 2xtanx e ¥ )
— CSCV/ 2X+3
40) y=T7oBes (ans.: =~ s IN7 sc\2x + 3.cot/2x + 3)
X +
41) y=[ln(x2+2)2]cosx (ans.:“%oszx—zm(xz+2)sinx)
42) y=sinh™*(tanx) o (ans.:|secx|)
: In x
43) y=.1+(Inx)? (ans.: )
X4/ 1+ (Inx)?
) e*(xlnx-1)
44) y=-% (ans.: )
Inx x(Inx)?
— 3 _ . 2 _ _ 2x3
45) y=x"log,(3-2x) (ans.: 3x°log,(3-2x) —(3—2x)ln2)
_ XX [y2 . XA
46) y=2cosh™ 2+ x* -4 (ans..—r_z‘)

2. Verify thefollowing derivatives:

a) 3[5x+(\/_+\/, }:

b) (?—X[&(ax +bx+c)]=ﬁ(5ax2 +3bx +¢)

1

3. Find the derivative of y with respect to x in the following functions:

u? 18x°%y
a —— and u=3x®-2 ans.:—
b) y=vu+2u and u=x2-3 (ans.:$+4x)
Vx? -3

19



4. Find the second derivative for thefollowing functions:

a) y=(x+%)3 (ans.:6x+%+1—%
242 1
b) f(x)=+2X + atx=2 ans.: =
) f(x) = (ans.: 5
_3
c) x*—=2xy+y’-16x=0 (ans.: F¥x 2)
5. Find the third derivative of the function :
=/ X3 ans.: -—S-
y ( 8y )

v(w'—uv')—=2vV (vu-uv )

V3

6. Show for y=% that y'=

7. Showfor y=u.v that y" =uv'" +3u'v'+3u"v +u'v.

8. Show that y=35x* —30x” + 3 satisfies (1—-x*)y'-2xy+20y=0.

9. Find (;ﬂx for thefollowing implicit functions :

20



2 2 —2
5)3(/ _3 (ans.. 3x2 4+ 5y%x +4\/7

10x 'y — W
b) \/W+1=y (ans.:ﬁ)

a) x°+4x

3 —
C) 3xy=(X3+y3)2 (ans 3X m 2y
2x - 3y? m
d) x*+xtanty=y (ans.: (1+y*)(3x* +tan™ Y))

1+ y?—x
yA/1=(x = y)? +4/1-(xy)?
V1= (xy)? = xy1-(x - y)?

sec’ x — y°.cos( xy)

e) sin'(xy)=cos'(x-y) (ans.:

f) y’.sn(xy)=tanx (ans.: 2y.Sn( Xy )+ Xy .08 XY)
g) sinhy=tan?®x (ans.: 2.tago);hS§/CZX)
10. Provethefollowing formulas:

a) dixcot U=-csc’u. S)L:

b) dixcscu——cscucotug—)li

c) %cos‘lu=— ﬁ—lu gg

d) dc>|< sec U = |u|\/7 S)L:

e) %smh u=cosh u. g)li

f) %cschu=—cschu.coth u.g—g

g) ddTSinh‘lu: f-ﬁu gg

h) Losechtu= \UIH A

11. Show that the tangent to the hyperbola x* y? =1 at the point
P(coshu, sinhu) , cuts the x-axis at the point ( sechu , 0 ) and
except when vertical , cutsthey-axisat thepoint (0, -cschu ) .
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