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Fourier Series

Theory

A graph of periodic function f(x) that has period L exhibits the same pattern every L
units along the x-axis, so that f(x + L) = f(x) for every value of x. If we know
what the function looks like over one complete period, we can thus sketch a graph of
the function over a wider interval of x (that may contain many periods).

The Fourier Series of periodic function f(t) is a representation that resolve
f(t) into average component (DC) and alternative component (AC) comprising
infinite series and harmonic

Periodic Functions

If the value of each ordinate f(t) repeats itself at equal intervals in the abscissa, then
f(t) is said to be a periodic function

Iff(t) =f@t+T)=f({t+2T) =....f(t + nT)thenT is called the period
of the function f (t).

For example : .

sinx = sin(x + 2mw) = sin(x + 4m) =.. . so sinx is a periodic function with the
period 2z. This is also called sinusoidal periodic function.

& f(t)
1

F
— T=2r1 —"

Fig.1 sinusoidal periodic function
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Fourier Series

Here we will express a non-sinusoidal periodic function into a fundamental and its
harmonics. A series of sines and cosines of an angle and its multiples of the form.

a
f() = 70 + a, cos(x) + a, cos(2x) + a; cos(3x) + -+ + by sin(x) + b, sin(2x) + b sin(3x) + -+

(o] [oe]

f(x) = % + Z a, cos(nx) + Z b,, sin(nx)

n=1 n=1

The cos(nx) or sin(nx) is called n** harmonic of f(x).
a, is average (DC) component, average value f(x).

a,, and b,, are the Fourier coefficient.

n = 1,2,3,4,5,6,

USEFUL INTEGRALS

The following integrals are useful in Fourier Series.
2 .. 2n X _
(7) jn sin nx dx = 0 (ii) In cos nx dx =0

2 In )
(#ii) L} sin? nxdx =7 (iv) jﬂ cos” nxdx=Tm
2r R i 2n
(v) sin px-sin mx dx = 0 (vi) cos nx cos mx dx =0
0 0
. m . . 2m .
(vii) —[0 sin nx-cosmx dx = 0 (viii) jﬂ sin nx-cos nx dx =0

(ix) _[uv dx =uv,

fya " — gt
—zw2+u v,—u 14+___

du d*u
where v, = _[v dx,v, = J-‘L"l dx and so on ' = ? u'= e and so on and
X X~

(x)sinnt=0, cosnm=(— 1) wheren e/

The following are some properties of these functions :

1) Sin’8+ Cos’8=1

2) I+tan’ @ =sec’ @ and 1+ Cot’8=csc’ @

3) Sin(6F F)=8Smb.CosffFCosB.85inf
Cos(8F B )=CosB.Cosfx SinB.5nf

8F
5) tan(eF p)=_tanOTanp
1+ tanb.tan B
Sin28 = 285in6.CosO and Cos28=Cos’8 — Sin’0

2 — Cos2?
I+C“as-9 and .S'in"é?:f (:)s-t?

Cos’8 =

Sin(@F ) =FCos@ and Cos(8F = )=+Sin@
Sin{—6 ).: -8B and Cos{—8 )= E'osﬂ and fanf—8)=—ran@
Sin8.Sinff = %{('05{9— Bl—Cos(8+ B)]

CosB@.Cosfi = i[f’os(ﬂ—ﬁ)+f’os(9+ﬁj}

1
Sin®.Cosf =— [Sin(€ — B )+ Sin(€+ B )]
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cos(2nm) =1

sin(2nm) =0

sin(nm) =0

cos(nm) = (—D"

n-1
sin (E) _J(-1)Z ,n=odd
2 0 ,n = even

nm, _ —1)12_1 n = even
cos (—) ={( :
( 2 ) { 0 ,n=odd

et/* = cosx +jsinx

ejZnn' =1

We need to work out the Fourier coefficients (ay, a,, and b,;) for given functions
f(x). This process is broken down into three steps

STEP ONE

Find a, integrate both sides fromx = 0tox = 2w

2T 2T a ® 2T ® 2T
f f(x)dx = f ?0 dx + Z a, J cos(nx)dx + Z b,, J sin(nx)dx
0 0 ~ 0 = 0

Qo

j " dr = 22 (2 — 0]
0 2

1 21
a, = ;fo f(x)dx

STEP TWO

Find a,, Multiply each side by cos(nx) and integrate both sides fromx = 0tox =
2w

2 2m a © 21 © 2
J- f(x) cos(nx) dx = f ?0 cos(nx) dx + Z a, j cos(nx) cos(nx) dx + Z b, f sin(nx) cos(nx) dx
0 0 foyer 0 n=1 0

21
f f(x)cos(nx)dx=0+a,m+0
0
2w

a, =— f(x) cos(nx) dx
T Jo

STEP THREE

Find b,, Multiply each side by sin(nx) and integrate both sides fromx = 0to x =
2

2m 21 a had 2T had 21
f f(x)sin(nx) dx = f %sin(nx) dx + Z a, f cos(nx) sin(nx) dx + z bnf sin(nx) sin(nx) dx
0 0 n=1 0 n=1 0
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2T
f f(x)sin(nx) dx=0+0+ b,
0

21
b, = —j f(x) sin(nx) dx
T Jo
Example . Find the Fourier series representing
f(x) =x 0<x<2m
and sketch its graph fromx = - 4w tox = 4n

Solution

flx) = % + Z a, cos(nx) + Z b,, sin(nx)

1 2 I p2e 2 T"
aU:;L f{x}dx:;_[n x.cb':;|:?:|ﬂ =2n

T

1 ¢2=
j X COS nx dx

0

_ l{r sinnx l.(— cus}nx]} _ l{cus%nn _i} _ 1 (1-1)=0
0

n n n n n n HT

] ix
a,= ;jﬂ f(x)cosnxdx =

l In . 1 In i
b, = ;J.[? f(x)sinnxdx = ;Iﬂ xsin nx dx

1 ( cos r.'x) 1 [ —sin m‘) o 1| =2mcos2nm 2
= —| x| — 1. = - —_— = ——
n n n o s n n
Substituting the values of a, a , b, in (1), we get

n

| 1
x:;rc—2[sinx+55i112x+§sin3x+...:| Ans.

A (1)
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Example . Find the Fourier series representing

Jx)

0 1 T
/ f(z)dz + — / f(z)d=z
- ™ Jo
0 1 iy
/ l‘d;rJr—/ 0-dx
—r m™ Jo
0
/ dx
[=]2.,

3| =

3| =

SIEIC IR

ie. ag =

0 T
Uy, = 7/ f(x) cosnaxdz lf f(x)cosnzdr + L /f(.}.) cos na da
— ELI S m™ Jo

T
1 /0 1"
—f ]-cosn;r.d;r+—f 0 -cosnzdx
ELI S ™ Jo

0
1
— cosnx dr
T _
—m

. 0
1 |sinnx 1 .. 0
— = — [sinnax]__
m 7 . nmw 4

(sin 0 — sin(—mn))

1
(0 + sinnm)

i

1
ie. a, = (0+0)=0.

Ly
1 T .
— f f(x) sinnx d=x
™ —

o -
S / f(x) sinne doz + f f(2) sin nx dx
TS o

1
T
1 ! .
O - sin na dx
0

o0
= — / 1 - sinne dx +

w

s}
1 o 1 — COS 1L
— sin ne dx — | —
) T 7 -

[cosnz]® = — (cos 0 — cos(—mnr))
TR T

1 1
1 — S 72 = — (1 —(—1)™). s T =
( cos nr) po— ( ( ™), see TRIC

LT

0 . T even since (71),1 _ { jl . Tt even

1
T

. e odd , 1z odd

2
T

Substituting our results now gives the required series

1 1
sinx + 3 sindx + —sinbx + .. }
I )
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Example . Find the Fourier series of the function

[

Six)=
L—I—f Jor g*’;xﬁ}r

[¥) . -
Solution. Let f(x)= ?” +a,cosx+a,cos2x+.. .+ bhsinx+b,sin2x+ ..

o = %J' Flo)ds = lI :'3.;—1).:1;; N 1;] Odx + %_[l dx
I

-l

] T
a, = —I f(x)cosnx dx
ﬁ n

——_[ (])Losnxd‘c+ j {ﬂ)(,osn‘cdx+ I (l)u:-&nrcbc

. nm . nm
. n sin— . , *
1| sinnx 1 7 simam| 1|sinnn
=——| = + +— -
m/2 n

n n [

T n

b, = lJ-“ f(x)smnxdx
TE ™

_—I 1)sin nx dx +— j (U)smnxdx

+ljn_j(1}sinnxdx

/2 n
COS nx 1| cosnx
=1 _—
n . T noo1,

1 nT 1 nm 2 AT
=—| COS— —COSHT |——| cosnm —CL}S? =— ms? — COSHT

nm nm
2

b:—j 3 b = —
' n P an

. 1 2
Putting the values of a, a , b, in (1) we get f(x) = {2 sinx —2sin2x+ ESill 3x+ } Ans.
s
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Example 4. Find the Fourier series for the periodic function
700 , -r<x<0
xX)i=
X, N<x<m

JS(x+2m) = f(x)

—+a COSX+a,Cos2x+ ... +v sinx+b,sin2x+ ..

Solution. Let f(x)=
=— t]Ud‘H— x.ﬁt'x—lL =l[£]=z
n| 2 s, T 2 2
f S : l (5 .
lJ- xcusnxdle—{ smm‘_(l)[ COS nx } _ _(u}‘;jmJ
T T n o n Jy
1| (=" 1 2 _
|7 2 T 2|72 whennisodd
n n
=0, when n 1s even.
. “3 T n _nya+l
b, = lrxsinnxdxz l{x(_Lusnx}_m[_:ﬂn:mﬂ _ —{—n( 1) }: (-1
bl T n’ 0 T n n
Substituting the values of ay, a,, a, ... b,, b,, . .. in (1), we get
m 2| cosx cos3x cosSx sinx sin2x sin3x
f(x)=——-——7 Tt |t - + +
| 1 3 5 1 2 3

Symmetry Consideration

(a) Even Function
A function f (x) is said to be even (or symmetric) function if, f(-x) = f(x)

The graph of such a function is symmetric with respect to y-axis [f(x) axis]. Here y-

axis is a mirror for the reflection of the curve

A f(x) A f(x)
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Expal ISiOI | Of an Even FUI ICtiOI .
= —1 d = — d
ay f f(x)dx JO f(x)dx

a, = %f;f(x) cos(nx) dx = %jo”f(x) cos(nx) dx

b 1 ] dx =0
n—;J_nf(x)sm(nx) X =

% As f(x) and cos(nx) are both even functions.

¢+ The product of f(x).cos(nx) is also an even function.

% sin(nx) is an odd function.

¢ The series of the even function will contain only cosine terms.
(b)Odd Function

A function f (x) is called odd (or skew symmetric) function if

f(x) =—f(x)

Expal 1sion of an Odd Function:
= 1 fﬂ dx =0
a f(x)dx

a, = %f;f(x) cos(nx)dx =0

b, = %j_if(x) sin(nx) dx = %Lnf(x) sin(nx) dx
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Example . Find the Fourier series expansion of the periodic function of period 2n

f[-\':'=-\’:‘ -TE<XsET

Solution.

This 1s an even function. -, b” =)

2 s 2 g 2 _-'f3 ’
= Lf(x)dx:;jnx dx = — EY

19

s 2 i
. f(x)cosnxdx = —LI x” cos nx dx
m

. [smnx) _(2x}[_COS:?I) +{2](_5m:1xﬂ
I n n’ n

0

n’sinnm 2mcosnm 2sinam | 4(=1)"
+ —_—

-

n n n n

0

. o a
Fourier series 1s = 4qgcosx+a,cos2x+a,cos3x+..+a cosnx+...
2 1 2 3 "

b

, T 4| COSX cos2x cosdx cosdx
X =—- - -

2 ¥ + 2
3 I° 2° 3 4
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Example .. Obtain a Fourier expression for
f(x)=x) for-m<x<n.
Solution. f(x) = x* is an odd function.
a,=0anda, =0
o) -

b, =—"- f(.\')smn.\'d.\'z—j X sinnxdx
T[ 0 - n 0

qu =uy, ~u'v, +u"v, —u"v, + }

[ . [ cosnx [ sinnx CoS nx sinnx) ||
'\‘7 ( ) 3 3.\.- (— 2 ] + 6'\‘( \‘ ) B 6( 4 )
n n

i n n /|

Exercise:- Find the Fourier series of wave form f(x) with period 27

Let f(x) be a function of period 27 such that

f(a:)_{ r, O<z<m

T, m<r<2T.
Let f(x) be a function of period 27 such that
T
flz) = 5 over the interval 0 < z < 2.

Let f(z) be a function of period 27 such that

C

T—x, O<z<m
flay={ 75"

0, T<x < 2w




Technical Eng. College / Najaf / Sub. : Analogy & Digital Comm. Sys.
Avionic Techniques Eng. Dpt. Dt Lecturer : Amjed Adnan




Technical Eng. College / Najaf Sub. : Analogy & Digital Comm. Sys.
Avionic Techniques Eng. Dpt. Dt Lecturer : Amjed Adnan

Fourier series for a waveform f(t) with period T = n

Wo

a
F) =22+ aycostw,d)+ . b, sin(nw,t)
n=1 n=1

2 T
a, = ?JO f() dt
2 T
a, = —f f(t) cos(nw,t) dt
T )y

2 T
b, = —f f(®) sin(nw,t) dt
T 0

w, = 27" = 2nf called fundamental frequency in radian per second

Example:-Determine the Fourier series of wave form show in figure below.

SOLUTION

1 o0<t<1
f(t)‘{o 1<t<?2
%)

f() = > + Z a, cos(nw,t) + Z b,, sin(nw,t)
n=1 n=1

2 T
ao :Tj; f(t)dx

ao =§U11dt+f2(0)dxl

ap=[tl; =1
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a0 =27 0 cosonrg ) 02 s 2 costrn, )

, 21 A\ . 21 A\
sin(nw,t)]§ S ( T )]o Sin (HTt)]O 1 L
n = = = 5 = —sin(nmt)];
nw, n il n—“ nm
T 2

ap = i [sin(ntt) —sin(0)] =0
ntm

2 T 2 1 2

b, = ?f f() sin(nw,t) dt = > U 1sin(nw,t) dt + j 0 sin(nw,t) dt]
0 0 1
1 1

2m 21
cos(nw,0)]§ ~ €OS (“Tt)]o cos (n Tt)]o 1 .
_ - _ 5 = — = ——cos(nmt)]
nw, 21 21 nt
N1 N7

b,, - [cos(nm) — 1] = [1 — cos(nm)]

1 _ _
b, =—I[1-(-1"] ={n1r , 1= odd
nt
0 , n=even

1 (0 0] [0.0]
f) = > + z 0 cos(nw,t) + z b,, sin(nmt)
n=1 n=1
2

1 2 2
f(t) = =+ —sin(mt) + —sin(3nt) + —sin(5xwt) + -
2 ™ 3m 51

1 © 2
f@) = §+ Z Esin(nnt) when n=1,3,57orn=2k—-1 k=>1
n=1

Exercise:-Determine the Fourier series of wave form show in figure below.

(f)
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