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Fourier Series 

 

Theory 

A graph of periodic function 𝑓(𝑥) that has period 𝐿 exhibits the same pattern every 𝐿 

units along the x-axis, so that 𝑓(𝑥 +  𝐿)  =  𝑓(𝑥) for every value of x. If we know 

what the function looks like over one complete period, we can thus sketch a graph of 

the function over a wider interval of x (that may contain many periods). 

The Fourier Series of periodic function 𝒇(𝒕)  is a representation that  resolve 

𝒇(𝒕) into average component (DC) and alternative component (AC) comprising 

infinite series and harmonic 

 

Periodic Functions 

If the value of each ordinate 𝑓(𝑡) repeats itself at equal intervals in the abscissa, then 

𝑓(𝑡) is said to be a periodic function 

If 𝑓(𝑡)  =  𝑓 (𝑡 +  𝑇)  =  𝑓 (𝑡 +  2 𝑇)  = . . . . 𝑓 (𝑡 +  𝑛 𝑇) then 𝑻 is called the period 

of the function f (t).  

For example : .  

sin 𝑥 = sin( 𝑥 + 2𝜋) = sin( 𝑥 + 4𝜋) =..  . so sin 𝑥  is a periodic function with the 

period 2π. This  is also called sinusoidal periodic function. 

 

 
Fig.1 sinusoidal periodic function 
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Fourier Series 

 

Here we will express a non-sinusoidal periodic function into a fundamental and its 

harmonics. A series of sines and cosines of an angle and its multiples of the form.  

𝑓(𝑡) =
𝑎0

2
+ 𝑎1 cos(𝑥) + 𝑎2 cos(2𝑥) + 𝑎3 cos(3𝑥) + ⋯ + 𝑏1 sin(𝑥) + 𝑏2 sin(2𝑥) + 𝑏3 sin(3𝑥) + ⋯ 

 

𝒇(𝒙) =
𝒂𝟎

𝟐
+ ∑ 𝒂𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝒏𝒙) + ∑ 𝒃𝒏

∞

𝒏=𝟏

𝐬𝐢𝐧(𝒏𝒙) 

 The cos(𝑛𝑥) or sin(𝑛𝑥)  is called 𝑛𝑡ℎ harmonic of  𝑓(𝑥). 

 𝑎0 is average (DC) component, average value 𝑓(𝑥). 

 𝑎𝑛 and 𝑏𝑛 are the Fourier coefficient. 

 𝑛 = 1,2,3,4,5,6, … .. 
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𝐜𝐨𝐬(𝟐𝒏𝝅) = 𝟏 𝐬𝐢𝐧(𝟐𝒏𝝅) = 𝟎 

   𝐬𝐢𝐧(𝒏𝝅) = 𝟎  𝐜𝐨𝐬(𝒏𝝅) = (−𝟏)𝒏 

𝐬𝐢𝐧 (
𝒏𝝅

𝟐
) = {(−𝟏)

𝒏−𝟏
𝟐     , 𝒏 = 𝒐𝒅𝒅

𝟎        , 𝒏 = 𝒆𝒗𝒆𝒏
 𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) = {(−𝟏)

𝒏
𝟐    , 𝒏 = 𝒆𝒗𝒆𝒏

𝟎        , 𝒏 = 𝒐𝒅𝒅
 

𝒆±𝒋𝒙 = 𝐜𝐨𝐬 𝒙 ± 𝒋 𝐬𝐢𝐧 𝒙 𝒆𝒋𝟐𝒏𝝅 = 𝟏 

 

We need to work out the Fourier coefficients (𝒂𝟎, 𝒂𝒏 and 𝒃𝒏) for given functions 

𝑓(𝑥). This process is broken down into three steps 

 

STEP ONE 

Find 𝒂𝟎 integrate both sides from 𝒙 =  𝟎 to 𝒙 = 𝟐𝝅 

∫ 𝑓(𝑥)
2𝜋

0

𝑑𝑥 = ∫
𝑎0

2

2𝜋

0

𝑑𝑥 + ∑ 𝑎𝑛 ∫ 𝑐𝑜𝑠(𝑛𝑥)𝑑𝑥
2𝜋

0

∞

𝑛=1

+ ∑ 𝑏𝑛 ∫ 𝑠𝑖𝑛(𝑛𝑥)𝑑𝑥
2𝜋

0

∞

𝑛=1

 

∫ 𝑓(𝑥)
2𝜋

0

𝑑𝑥 =
𝑎0

2
[2𝜋 − 0] 

𝒂𝟎 =
𝟏

𝝅
∫ 𝒇(𝒙)

𝟐𝝅

𝟎

𝒅𝒙 

 

 

STEP TWO 

Find 𝒂𝒏 Multiply each side by 𝑐𝑜𝑠(𝑛𝑥) and integrate both sides from 𝒙 =  𝟎 to 𝒙 =

𝟐𝝅  

∫ 𝑓(𝑥) 𝑐𝑜𝑠(𝑛𝑥)
2𝜋

0

𝑑𝑥 = ∫
𝑎0

2

2𝜋

0

𝑐𝑜𝑠(𝑛𝑥) 𝑑𝑥 + ∑ 𝑎𝑛 ∫ 𝑐𝑜𝑠(𝑛𝑥) 𝑐𝑜𝑠(𝑛𝑥) 𝑑𝑥
2𝜋

0

∞

𝑛=1

+ ∑ 𝑏𝑛 ∫ 𝑠𝑖𝑛(𝑛𝑥) 𝑐𝑜𝑠(𝑛𝑥) 𝑑𝑥
2𝜋

0

∞

𝑛=1

 

∫ 𝑓(𝑥) 𝑐𝑜𝑠(𝑛𝑥)
2𝜋

0

𝑑𝑥 = 0 + 𝑎𝑛𝜋 + 0 

𝒂𝒏 =
𝟏

𝝅
∫ 𝒇(𝒙) 𝒄𝒐𝒔(𝒏𝒙)

𝟐𝝅

𝟎

𝒅𝒙 

 

STEP THREE 

Find 𝒃𝒏 Multiply each side by 𝑠𝑖𝑛(𝑛𝑥) and integrate both sides from 𝒙 =  𝟎 to 𝒙 =

𝟐𝝅  

  

∫ 𝑓(𝑥) sin(𝑛𝑥) 
2𝜋

0

𝑑𝑥 = ∫
𝑎0

2

2𝜋

0

sin(𝑛𝑥)  𝑑𝑥 + ∑ 𝑎𝑛 ∫ 𝑐𝑜𝑠(𝑛𝑥) sin(𝑛𝑥)  𝑑𝑥
2𝜋

0

∞

𝑛=1

+ ∑ 𝑏𝑛 ∫ 𝑠𝑖𝑛(𝑛𝑥) sin(𝑛𝑥)  𝑑𝑥
2𝜋

0

∞

𝑛=1
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∫ 𝑓(𝑥) sin(𝑛𝑥) 
2𝜋

0

𝑑𝑥 = 0 + 0 + 𝑏𝑛𝜋 

𝒃𝒏 =
𝟏

𝝅
∫ 𝒇(𝒙) 𝒔𝒊𝒏(𝒏𝒙) 

𝟐𝝅

𝟎

𝒅𝒙 

 

Example . Find the Fourier series representing 

𝒇(𝒙) = 𝒙            𝟎 < 𝒙 < 2𝝅 

and sketch its graph from 𝑥 = –  4𝜋 𝑡𝑜 𝑥 =  4𝜋 

Solution 

𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛

∞

𝑛=1

cos(𝑛𝑥) + ∑ 𝑏𝑛

∞

𝑛=1

sin(𝑛𝑥) 
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Example . Find the Fourier series representing 
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Symmetry Consideration 

(a) Even Function  

A function f (x) is said to be even (or symmetric) function if, 𝒇(– 𝒙) = 𝒇(𝒙)  

The graph of such a function is symmetric with respect to y-axis [f(x) axis]. Here y-

axis is a mirror for the reflection of the curve. 
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Expansion of an Even Function: 

𝒂𝟎 =
1

𝜋
∫ 𝑓(𝑥)

𝜋

−𝜋
𝑑𝑥 =

𝟐

𝝅
∫ 𝒇(𝒙)

𝝅

𝟎
𝒅𝒙 

𝒂𝒏 =
1

𝜋
∫ 𝑓(𝑥) 𝑐𝑜𝑠(𝑛𝑥)

𝜋

−𝜋

𝑑𝑥 =
𝟐

𝝅
∫ 𝒇(𝒙) 𝒄𝒐𝒔(𝒏𝒙)

𝝅

𝟎

𝒅𝒙 

𝒃𝒏 =
1

𝜋
∫ 𝑓(𝑥) 𝑠𝑖𝑛(𝑛𝑥) 

𝜋

−𝜋

𝑑𝑥 = 𝟎 

 

 As 𝑓(𝑥) and 𝑐𝑜𝑠(𝑛𝑥) are both even functions. 

 The product of 𝑓(𝑥). 𝑐𝑜𝑠(𝑛𝑥)  is also an even function. 

 𝑠𝑖𝑛(𝑛𝑥) is an odd function. 

 The series of the even function will contain only cosine terms. 

 

(b) Odd Function 

A function 𝑓 (𝑥) is called odd (or skew symmetric) function if 

𝒇(– 𝒙) = −𝒇(𝒙) 

 
 

Expansion of an Odd Function: 

𝒂𝟎 =
1

𝜋
∫ 𝑓(𝑥)

𝜋

−𝜋
𝑑𝑥 = 𝟎 

𝒂𝒏 =
1

𝜋
∫ 𝑓(𝑥) 𝑐𝑜𝑠(𝑛𝑥)

𝜋

−𝜋

𝑑𝑥 = 𝟎 

𝒃𝒏 =
1

𝜋
∫ 𝑓(𝑥) 𝑠𝑖𝑛(𝑛𝑥) 

𝜋

−𝜋

𝑑𝑥 =
𝟐

𝝅
∫ 𝒇(𝒙) 𝒔𝒊𝒏(𝒏𝒙) 

𝝅

𝟎

𝒅𝒙 
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Exercise:- Find the Fourier series of wave form 𝑓(𝑥) with period 2𝜋 

 

A 

 
  

B 

 
  

C 
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D 

 

 

Given that 𝑓(𝑥) =  𝑥 +  𝑥2  for  −𝜋 < 𝑥 < 𝜋 

 

 

  

E 

 
  

F 

 
  

G 
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Fourier series for a waveform f(t) with period 𝐓 =
𝟐𝛑

𝐰𝐨
 

𝒇(𝒕) =
𝒂𝟎

𝟐
+ ∑ 𝒂𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝒏𝒘𝒐𝒕) + ∑ 𝒃𝒏

∞

𝒏=𝟏

𝐬𝐢𝐧(𝒏𝒘𝒐𝒕) 

𝒂𝟎 =
𝟐

𝑻
∫ 𝒇(𝒕)

𝑻

𝟎

𝒅𝒕 

𝒂𝒏 =
𝟐

𝑻
∫ 𝒇(𝒕) 𝒄𝒐𝒔(𝒏𝒘𝒐𝒕)

𝑻

𝟎

𝒅𝒕 

𝒃𝒏 =
𝟐

𝑻
∫ 𝒇(𝒕) 𝒔𝒊𝒏(𝒏𝒘𝒐𝒕) 

𝑻

𝟎

𝒅𝒕 

𝒘𝒐 =
𝟐𝝅

𝑻
= 𝟐𝝅𝒇 called fundamental frequency in radian per second 

 

Example:-Determine the Fourier series of wave form show in figure below. 

 
SOLUTION 

𝑓(𝑡) = {1    0 ≤ 𝑡 ≤ 1
0    1 ≤ 𝑡 ≤ 2

 

𝑓(𝑡) =
𝑎0

2
+ ∑ 𝑎𝑛

∞

𝑛=1

cos(𝑛𝑤𝑜𝑡) + ∑ 𝑏𝑛

∞

𝑛=1

sin(𝑛𝑤𝑜𝑡) 

𝑎0 =
2

𝑇
∫ 𝑓(𝑡)

𝑇

0

𝑑𝑥 

𝑎0 =
2

2
[∫ 1

1

0

𝑑𝑡 + ∫ (0)
2

1

𝑑𝑥] 

𝑎0 = [t]0
1 = 1 
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an =
2

T
∫ f(t) cos(nwot)

T

0
dt=

2

2
[∫ 1cos(nwot)

1

0
dt + ∫ 0cos(nwot)

2

1
dt] 

an =
sin(nwot)]0

1

nwo
=

sin (n
2π
T

t)]
0

1

n
2π
T

=
sin (n

2π
2

t)]
0

1

n
2π
2

=
1

nπ
sin(nπt)]0

1 

an =
1

nπ
[sin(nπ) − sin(0)] = 0 

𝑏𝑛 =
2

𝑇
∫ 𝑓(𝑡) 𝑠𝑖𝑛(𝑛𝑤𝑜𝑡) 

𝑇

0

𝑑𝑡 =
2

2
[∫ 1 𝑠𝑖𝑛(𝑛𝑤𝑜𝑡)

1

0

dt + ∫ 0 𝑠𝑖𝑛(𝑛𝑤𝑜𝑡)
2

1

dt] 

𝑏𝑛 = −
cos(nwot)]0

1

nwo
= −

cos (n
2π
T

t)]
0

1

n
2π
T

= −
cos (n

2π
2

t)]
0

1

n
2π
2

= −
1

nπ
cos(nπt)]0

1 

𝑏𝑛 = −
1

nπ
[cos(nπ) − 1] =

1

nπ
[1 − cos(nπ)] 

𝑏𝑛 =
1

nπ
[1 − (−1)n] = {

1

nπ
  ,   𝑛 = 𝑜𝑑𝑑

0    ,   𝑛 = 𝑒𝑣𝑒𝑛
 

𝑓(𝑡) =
1

2
+ ∑ 0

∞

𝑛=1

cos(𝑛𝑤𝑜𝑡) + ∑ 𝑏𝑛

∞

𝑛=1

sin(𝑛𝜋𝑡)       

𝑓(𝑡) =
1

2
+

2

π
sin(𝜋𝑡) +

2

3π
sin(3𝜋𝑡) +

2

5π
sin(5𝜋𝑡) + ⋯ 

𝑓(𝑡) =
1

2
+ ∑

2

nπ

∞

𝑛=1

sin(𝑛𝜋𝑡)   𝑤ℎ𝑒𝑛  𝑛 = 1,3,5,7 𝑜𝑟 𝑛 = 2𝑘 − 1    𝑘 ≥ 1    

 

Exercise:-Determine the Fourier series of wave form show in figure below. 

A 
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B 

 
 

 

C 

 

  

D 

 
  

E 

 
  

F 

 
 


