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DISCRETE FOURIER TRANSFORM
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Euler’s Formula:

e)* = cos x +j sinx
X = xg|cos(—by) + jsin(—by)] + -+ _,}
Xy = Ag + Byj




EXAMPLE

Find the 4-Point DFT of the sequence x(n) = cos % .

Solution:
Given N =4

x(n) = {cos(0), cos(%), cos(%), cos(%n)} ={1, 0.707, 0, -0.707}

The N-point DFT of the sequence x(n) is defined as

X(k) = ¥N=tx(n)e2™k/N Kk =0,1,2,..,N—1
X(k) = ¥3_o,x(n)e i2mk/4 =k =0,1,2,3
= Y3 _,x(n)e i™k/2 'k =0,1,2,3

Fork=20
X(0) = Y3_ox(n)e1™ON/2 = 33 'x(n) =1
Fork=1 2
X(1) = ¥3_o x(n)e T Wn/2 = 1 4 0.707¢I%/2 + 0 + (—0.707)e~J37/2

= 1+ 0.707 (—j) +0- (0.707)(j)) =1- j 1.414




EXAMPLE

X(2)=Y3_ox(n)e I m@N/2 = 1 4 0707 + 0 + (=0.707)e /3"

Fork =2

= 1+ 0.707 (1) + 0 - (0.707)(-1) = 1

Fork =3
3

X3) = z x(n)e T GIN/2 = 1 4+ 0.707e7/37/2 + 0 + (—0.707)e ~/7/2

n=0

= 1+ 0.707 (j)+0 - (0.707)(=j) =1 + j 1.414

X(k)={1,1— j1.414,1,1+ j 1.414}




EXAMPLE

Find the inverse DFT of X(k) ={1,2,3,4}.
Solution:
The IDFT is given by

x(n) =% YN-1x(k)ei2mnk/N 5 =0,1,2,..,N—1

GivenN =4, x(n) =i >3 o X(k)e 2™kl n=0,1,2,3
Whenn =0

x(0) =§ Y3 _, X(k)e j2m(Ok/4 — §(1 +24+3+4)=5/2

Whenn =1
X(1) =5 Tioo X()e 2TDK/4 = 2 (1 4 26/7/2 4 3¢J™ + 4¢/37/2) = &

- 1+ 2@ 1 3) =2 2—2j g ]
Z( +2(j) +3(= )+4(_]))_Z( = ])_E__]




Whenn =2

X(2) = TiooX()e 2DK/4 = 2 (1 4 27 + 327 4 4¢I37) =
1 1 1
Z(l + 2(—1) + 3(1) + 4(—1)) = Z (—2) — —E

Whenn=3
X(3) =i DMK Joy) el )R — %(1 + 2e/37/2 4 3eJ3T + 4¢/97/2) =

2= +3(=D) +4()) = -2 +2j
ZA+2(D+3CD +4(0) = —5+5)

51 1, 1 1 1,
X(n)—{?g—gl,—g,—g‘i‘zl} -




FAST FOURIER TRANSFORM (FFT)
ALGORITHM

 The FFT is a fast algorithm for computing the DFT. If we take the 2-point DFT and 4-
point DFT and generalize them to 8-point, 16-point, ..., 2r-point, we get the FFT
algorithm.

 The equation DFT

o X(k) =YV dx(n)eJ2mmk/N = |k =0,1,2,..,N—1

» Then X(k)=YN_lx(n)w™,, k=0,1,2,..,N—1

e where WkN = e_iznk/N N=24816,...2"




FAST FOURIER TRANSFORM (FFT)

ALGORITHM

A Im A
Wy
1 Wy .
5! | }Re w2 > w2
N=2 W N=4
0 . 1 ] 2 Sy
Ws =1+i0 Ws =0.707-10.707 Ws " =0-i=-i

Wi; °= -0.707-i0.707
Wi °=0+i1=i

W *

-1-10 =-1

W ~=0.707+i0.707

Wi >=- 0.707+i0.707



HOW TO GREATE A 2 POINT INPUT BUTTERFLY

Example: find the FFT for the signal X(n)

L S 0411
Wo E ;
1 - 0-1=-1

-1

X(K)=[1 -1]

wherethe ”.._l; =1




EXAMPLE

Find the FFT for the signal X(n)
X(n)=[2-21 2]

2-2i

(2-2i)+2=4+2i

(2-2i)-2= 0- 2i = -2i

The X(k) = [4+2i -2i]




HOW TO GREATE A 4 POINT INPUT BUTTERFLY

Create 2 2-input
butterflies.

Wo

W > ;
- 3 Step 1:
1




HOW TO GREATE A 4 POINT INPUT BUTTERFLY

Step 2: Extend out the lines and then connect the
bhottom butterfly to the top and the top to the bhottom.

Wy
2 e,
-1
—>- :
,
W,
i

Stage 1 Stage 2




HOW TO GREATE A 4 POINT INPUT BUTTERFLY

Step 3: Label the input and ocutput values. Label

the bottom half of the diagram with W base 4 values,
and powers of 0, 1 in order. Note Stage 1 has W base
Z, and stage 2 has W base 4. This continues in binary
fashion 2, 4, 8, 16 as you add more stages to the

butterfly.
*{0) F{0})
x{2) F{1}
x{1) F{2) ,
Wy p W) £
x(3) = - - F{3) #
'X Stage 1 Stage 2 5
Mote the
:}‘?:’;‘z:‘?ﬁg"‘;‘f This is the completed 4
input values. input butterfly. -




HOW TO GREATE A 4 POINT INPUT BUTTERFLY

w[ 0] Wo]

w2 N




HOW TO GREATE A 4 POINT INPUT BUTTERFLY

A Im A
H-’_"
= ITEO ;7.30
< 4> : >
N=2 ) N=4
>




EXAMPLE

Find the FFT for the signal X(n)
X(n)=[1 2 3 4]

Xe(n)=[1 3] Xodd(N)=[2 4]

Solution

X(0)=1 ><i . > X(0)=10
2




EXAMPLE

Find the FFT for the signal X(n)
X(n)=[0 0 0 2]

Xe(n)=[0 0] Xodd(n)=[0 2]
O >ZO+O=O 70
P ik 02+6)

X(k)=[2 2i -2 -2i]




EXAMPLE

Find the FFT for the signal X(n)

X(n)=[x(0), x(1), x(2), x(3), x(4), x(5), x(6), x(7)]
N=8

Xe(n)=[x(0), x(2), x(4), x(6)] N=4

Xo (n)=[x(1), x(3), x(5), x(7)] N=4




EXAMPLE
x(o)*"“") x| X, %, I@'

2 .(9) A
UV 20) =2H) g . A3 Ay
2(2)

'l(q')“""x“) W '

NS —
) AN
- | ?;‘; "(l’ '] .
V) au\)-t{c\?)
w(S) Z| v.\\)q—(‘ltn
) W)+ ul7) Wy
2 \3) = %U7) ‘ 2

- P L
IS\’ 'S.\'sf, S Mgl Xy)



2 iy Ty

Q
X = H b b +Wg ¢

o NG NG
)0 3"""13 C- -9
N

) Gl il d J+ Wl

ot T TS \/ X

= oS o5+ Ay Wy 'A‘z“‘ 4 —¢
w2 ezt ] SO N -
) v YQ!W‘%L ‘

o - ) ‘
™, ' AN merxasd /[ 4=W3),

- > 7.
b reix! —




i 3¢
e




-
o
£
-
g
= 5%




EXAMPLE

Then the X(k) In frequency domain is

XK=[-1 3 9 3 -1 3 -9 3]

of the signal x(n) in time domain

XmM=[1 0 2 0 -4 0 2 0




