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PERIODIC FUNCTIONS

A function 7 is periodic if it is defined for all real °

and if there Is some positive number,

f(O+T)=f(6)
such that
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PERIODIC FUNCTIONS
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PERIODIC FUNCTIONS
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FOURIER SERIES

A be a periodic function with period

The function can be represented by a trigonometric
series as:

f@) =ayg+Ya-qapcosnb + Y, b,sinnf ... (1)
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SOME-SPECIAL CASES OF TRIGONOMETRIC INTEGRAL THAT
USED IN THE FOURIER SERIES

7 fozn sin(nt) dt = 0 where n is any integer number s
Z fozn cos(nt)dt =0 where n is any integer number doesn’t equal zero
3. fozn sin(nt) cos(mt)dt =0 where n, m are any integer numbers
4. fozn sin(nt) sin(mt) dt = 0 where m is not equal the integer number n or —n
5. fozn(sin(mt))zdt =5 where m = n and it is not equal zero
6. fozn cos(nt) cos(mt) dt = 0 where m is not equal the integer number n or —n
=

2 g
Za | "(cos(mt))?dt =« where m = n and it is not equal zero
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FOURIER SERIES

We want to determine the coefficients, a,, a, and p,

1. Determine ay

Integrate both sides of (1) from -= 10 =

f_if(@de: fz

(00}

(0 0)
ag + z a,cosno + z b, sinn @
n=1 n=1

do

co

_n =

4 4 (4 (4 2
J f(0)d0=J a0d0+j Zancosne do +j b, sinn@ |do
e e T \n=1

T T
j f(H)dej aydd+0+0
—1T —1T
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FOURIER SERIES

T
j f(0)dO =2may+0+0 —
18
1 w
ag = 5- j_nﬂe) d6

a, is the average (dc) value of the function, 1)

You may Integrate both sides of (1) from o to 2= instead.

jo " f(6) d6 = jo -

It is alright as long as the integration is performed over one period.

do

(0.0] (0.0]
ag + z a,cosnb + z b, sinn6
n=1 n=1
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FOURIER SERIES

N
2 2T 2 [ 2 2T N
j f(B)dej a0d0+j Zancosne do +J ansinne do
0 0 0 o 0 Frouar|
2T 2T
j f(G)dej ao,df+0+0
0 0
2T
j f(0)do =2may+0+0
0
1 2T
>/
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FOURIER SERIES

-

2. Determine a,,

Multiply (1) by cosme and then Integrate both sides from
a0 n

j_nf(a) cosmOdo = f_n

ag + z a,cosno + z bnsinnel cosmoOdo
n=1 n=1

et us do the integration on the right-hand-side one term at a time.

First term,j ag cosmOdo = 0

=

Second term,jn Z a,cosn@cosm6do \/
Th=1
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FOURIER SERIES

Therefore, j ) £(0) cosm0dé = a,n
1 A
an=;j_ f(@)cosmOdOd n=m
3. Determine b,
Multiply (1) by sinme and then Integrate both sides from —= 10 =
nf(B)sintdOz : ay + a,cosno + bnsinnelsinmode
-/
-/
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FOURIER SERIES

Let us do the integration on the right-hand-side one term at a time.

First term, j a,sinm0do = 0

Second term,j Zancosnesinmedezo
T n=1

Third termJ z b,sinn@sinm0Odod = b,
M n=1
Therefore,

T
j f(@)sinm6d6 = b,
B b @,

1 (A
bm=;j f(@)sinmBdd m=n N 4
—TT
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FOURIER SERIES

The coefficients are:

1 T
aog = ﬁf_nf(e) do
Am = %j_nf(e) cosmfdd m=1,2,-
b,, = %j_nf(e) sinmdd m=1,2, -
We can write n in place of m:
1 T
ap = ﬁj £(6)de

LN 0d0 n=1,2 ®)
an—n_ f( )COS” n=12-:-
-
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“ ~ __  RuaaShallal Abbas

1 w
b, = —j f(@)sinnfdd n=1,2,-
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FOURIER SERIES

The Integrations can be performed from o to 2= Instead.

1 21
aO:ZrJO f(0)de

1 21
An = — f f(@)cosnBdd n=1,2, -
T J,

121t

bn=—r f(@)sinnfdd n=1,2,--
T ),

=
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Example
“
Find the Fourier series of the following periodic function.
t£0)
A ———
0 >
0
-A
U 2T 3T 47T S5TT
f(@) =A when 0<0<m
=—A when mw<0<2m
=
f(0 +2m) = f(6)
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Sol:

Example

1 2T
aop= %.fo f(@) do

1

=
_1—
_Zn_

=0

i
Y

rn

0

[ 21
Jr £(0)do + f £(0) d@]

Fn 2T
Ado + j —A d9]
JO T

2T

f(0) cosnbdo

2T
Acosn6do + j (—A) cosn Hdé?]
T

n T n

[ sinn@l" 1 sinn 1°"
A 2= =0
0 T

N
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Example

21T

1
b,=—| f(0)sinn6db
TJo

VIA
j Asinn 6d0O +
0

1 21T

— (—A)sinn Hd@]
n | T

1( Cosn9r 1[ cosn@]zn
T

A T

+—14
T

n n

0

= —|[—cosnm+ cos0 + cos2nm — cosn

nm
A
b,, E[—cosnn+ cos 0 + cos 2 nmw — cosn 7]
A
_ — Tl LSRR
nm
4A
= — when n is odd
nm
A
b,, =E[—cosnn+coso + cos 2 nmw — cosn 7]

A
=—[-1+1+1—1]
nr

= 0 when n is even

N
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— Example

Therefore, the corresponding Fourier series IS

4A 1 1 1
—| sinf +=sin36 +—=sin50 +—=sin760 + ---
T 3 5 7

In writing the Fourier series we may not be able to
consider infinite number of terms for practical
reasons. The question therefore, IS — how many terms

to consider?
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When we consider 4 terms as shown In the previous
slide, the function looks like the following.

f(0)

1.5

1l

0.5

0

mi:5

b
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Example
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Example
\/ p

2 When we consider 6 terms, the function looks like the ~
~ following.

1.5 | | |
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\/ Example

> When we consider 8 terms, the function looks like the "/
o following.

15 T T |

1 —

05 i
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\/ Example

" When we consider 12 terms, the function looks like the oL
E following.
1 * M M M—
f(0) 0
N’
11 T I " I N |
| | | \/

1.5
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