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— DISCRETE FOURIER TRANSFORM

DISCRETE FOURIER TRANSFORM

continuous X (F) =f x(t) e Ittt

N-1 ,
_J2mkn
discrete X = Z Xpe N
/ n=0
k-th frequency T 9
evaluating at n of N
samples 4
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— DISCRETE FOURIER TRANSFORM

N-1 . b,
Xk = Z Xn €
o | n=0
kth” frequency bin
\ o oy
Xp=xpe™) + x1e7" + ..+ xpe™N-1
“nth” sample value ~ Euler’s Formula:
e/* =cosx+jsinx
Xk = xo[cos(—by) + jsin(—bg)] + - 7
Xk = Ak + Bk] \J
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gl EXAMPLE

Find-the 4-Point DFT of the sequence x(n) = cos %ﬂ . -’
Sotution:
Given N =4
X(n) = {cos(0), cos(%), cos(g), cos(%n)} ={1,0.707,0,-0.707}
The N-point DFT of the sequence x(n) is defined as
X(K) = ¥ N=tx(n)e 12™k/N = k=0,1,2,..,N—1
X(K) = Y3 _,x(n)e 12m™k/4 K =10,1,2,3
= Y3 _ox(n)eI™k/2 'k =0,1,2,3
Fork=0
X(0) = Ya=ox(n)e ™02 = 32 x(n) = 1 .
Fork=1 o

X(1) = ¥3_,x(n)e TTMN/2 = 1 4 0.707¢ /2 + 0 + (—0.707)e /37/2
= 1+ 0707 (=) +0- (0.707)() =1- j1.414 ~ Ruaa Shallal Abbias



ol EXAMPLE

VX(2)= 3 _ox(n)e I T@N/2 =14 0.707e77" + 0 + (=0.707)e /37
= 1+ 0.707 (=1) + 0 - (0.707)(-1) =1
Fork=3

3
X(3) = Z x(n)e ITGIN/2 = 1 4 0.707¢7/37/2 + 0 + (—0.707)e~/9™/2

n=0

= 1+ 0.707 (j)+0 - (0.707)(—=j) =1+ j 1.414

X(K)={1,1— j1.414, 1,1+ j1.414)

=/
“ ~/ __  RuaaShallal Abbas



EXAMPLE
id the inverse DFT of X(k) ={1,2,3,4}. w,
Solution:
Fhe IDFT is given by

x(n) :% YN-1x(k)ei2mk/N  1=0,1,2,..,N—1

Given N =4, x(n) =i 3 _oX(k)el?mk/4 - n=0,1,2,3
Whenn=20
X(0) = 7 Ti_oX(k)e /2mOk/t = (1 + 2+ 3 + 4) = 512

Whenn=1
X(l) :% 213{=0X(k)ej27't(1)k/4 i3 i(]‘ i Zejn'/Z B 3ej71' + 4_ej3n'/2) el

1 , N I
7 +20) +3(-D + () =7 @-2) =55 ]

=/
“ ~ __  RuaaShallal Abbas
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EXAMPLE

-« Whenn=2 —
o X(@) =7 T3 X(k)e DR/t = 2 (1 + 20I7 4 327 4 4e737) =

e 3 (1) A1) == (—2) ==
7 +2(-D 430 +4(-1) =5 (-2 =

Whenn =3

X(3) = = Bi_o X(k)e 2R/ = 2 (1 + 2e/37/2 4 337 4 4/97/2) =

L 4 2 T e
ZA+2(=D+3C-D+40)) = —5+5

a1, 1 1.1,
X(n)_{212 2]1 2’ 2+2]} o

o/
-/ RuaaShallal Abbas
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FAST FOURIER TRANSFORM (FFT) ALGORITHM

-

~ A

< The FFT is a fast algorithm for computing the DFT. FFT is used to increase the
computational speed of the DFT. There are two algorithms for FFT:-

a. Decimation in time algorithm (DIT)

b. Decimation in frequency algorithm (DIF)

1. DIT-FFT

X(k) = YN x(n)eJ2™k/N |k =0,1,2,..,N—1

=

where w = fleicV. N-24816, . ... 2" \
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FAST FOURIER TRANSFORM (FFT) ALGORITHM

~—
A Im A
w3
1 Wy w7,
;! ' }Re e > wd
N=2 Wy N=4
s U =1+i0 s 1=0.707-i0.707 s 2=0-i=-i
W °=-0.707-i0.707  Ws *=-1-i0 =-1 Wi >=- 0.707+i0.707
Wi °=0+i1=i W; ~=0.707+i0.707 ~/
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\/ FLOW-GRAPH FFT
_1. FFT of 2-Samples
Example: find the FFT for the signal X(n)
X(n)=[0 1]

0 0+1=1
“'.H

1 : 0-1=-1

1

XK)=[1 -1} e

()
wherethe 1 9 =1
- Ruaa Shallal Abbas
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EXAMPLE
\/

_Find the FFT for the signal X(n)
X(n)=[2-21 2]
2-2i (2-2i)+2=4-2i
” 1)
2 : : Z (2-2i)-2=0- 2i =-2i
A
X(k) = [4-21 -2i] ~
=/
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u % 2. FFT OF 4-SAMPLES
&
T >
Step 1:

Create 2 2-input
butterflies.




| N
. \/ =0 FFT OF 4-SAMPLES

o, \—/
N’
Step 2: Extend out the lines and then connect the
bhottom butterfly to the top and the top to the bhottom.
*
()
-
-1
éﬁ
()
W, i o
1 _
Stage 1 Stage 2 \/

“ ~~__  RuaaShallal Abbas



) 4
=5 FFT OF 4-SAMPLES

o/
Step 3: Label the input and output values. Label
the bottom half of the diagram with W base 4 values,
and powers of 0, 1 in order. Note Stage 1 has W base
2, and stage 2 has W base 4. This continues in binary
fashion 2. 4, 8, 16 as you add more stages to the
butterfly.
x {0} F {0}
®{2) F{1}
x{1} F{2)
W D W f
#{3) - 1 F{3)
ﬁ Stage 1 Stage 2
MNote the ~
reverse bit This is the completed 4
ordering of "
input butterfly. J

input values.

“ ~“ __  RuaaShallal Abbas
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\F/ e EXAMPLE
Ind the FFT for the signal X(n) ~—

X(n)= [1 2 3 4]

odd

Xe(n)=[1 3] Xo (N)=[2 4]
Solution
> » X(0)=10
n“_l ><_
> X(1)=-2+2/
6 H =1 =

. X(2)= -2
n“—1 >< \./
. X(3)= -2-2) .

__  RuaaShallal Abbas
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\PK " EXAMPLE
d the FFT for the signal X(n) "
g)((n):[O 0 0 2]

Xe(n)=[0 0] Xo (N)=[0 2]

0 g U > 0+2@

0 —22 >_1:><0"0=0 0+2i2i)

0+2=2 W}
0 —> = - 0-2=@
2 “ .:" 0-2=-2”.-Il 0 2°:@
g 2 1 = o

X(k)=[2 2i -2 -2i] -/

RuaaShallal Abbas
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' ¥W/ e EXAMPLE
md the FFT for the signal X(n) ./

'
& _

X(n)=[x(0), x(1), x(2), X(3), x(4), X(5), X(6), X(7)]

N=8
Xe(N)=[X(0), X(2), X(4), x(6)] N=4
Xo (N)=[x(L), X(3), X(5), X(7)] N=4
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s 2- DIF- FFT

Example: Find the DIF-FFT for the X[k] =

Solution:
N =4

[4000].

x(n]=[1111]

>>>2<

=
X
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_ \/ =0 EXAMPLE

4

~ Given a sequence x(n) for 0 < n <3, where x(0) =1, (1) =2, x(2) =3, and x(3) =4 \—
a. Evaluate 1its DFT X &) using the dcclmatmn in-frequency FFT method.
Sol: Wy =e-j%(0) =land W, —e-j o =—]
Bit index 4 0 Bit reversal
00 x(0)=1 . -~ e#gv—o X(0) 00
. oy S
01 x1)=2 - 4: WR X(2) 10
10 ¥2)=3 = o w":'-“"~~.-><-:""’v’_' . X(1) 01
1 x3)=4 - N = < X(3) 11 ®

X(n)={10/4=5/2, -2/4+2/4j=-112+112], -2/4=-1/2, -2/4-2/4j=-112:112]}

_/  RuaaShallal Abbas



| \ 4
™ FLOW-GRAPH FFT
W/

x(0) : —— % X(0)

x(1) AN ’“ m@; X(4)

x(2) VO‘C'. - "é"—.-\\ — e X(2)

x(3) ‘% - "r!.-/xﬁw? $-%. X(6)

x(4) 0 e X(1)

x(5) & \‘m g ‘_"'!L; X(5)

6 ~ < e —— e

X(7) / > N_'i/ S ,N.,‘.-/K.:? uXU) Q

<



