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Fouriler series

1. Even Functions

The value of the function f0) 1

would be the same when we

walk equal distances along gt
the X-axis In opposite 0
directions.

Mathematically speaking :

f(=6) = f(6) Y
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Fouriler series

2. Odd Functions

The value of the function fe) 4
would change its sign but with
the same magnitude when we
walk equal distances along the 0
X-axis In opposite directions.

Mathematically speaking :
f(=6) = ~£(6) 0
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- Fourier series
— .
o Even functions can solely be represented by cosine waves
because, cosine waves are even functions. A sum of even
functions iIs another even function.
. _1
0
e’
=5 | \
—10 0 10 \/
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Fouriler series

Odd functions can solely be represented by sine waves

because, sine waves are odd functions. A sum of odd

functions Is another odd function.
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Fouriler series

-

~The Fourier series of an even function £(6)
IS expressed In terms of a cosine series.

f(O0) =ay+ z a, cosné@
n=1

The Fourier series of an odd function s
IS expressed In terms of a sine series.

f(0) = z b, sinn@
n=1

=
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Example

w

Find the Fourier series of the following periodic function.

f(x)
A
| » X
—T 0 T 37T 5TC 77T OTT
f(x) =x* when —-n<x<m

f(6 +2m) = £(6) 7
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Example
Sol:
e A i i

Ty = %J_nf(x) dx = %'[_nxz dx

[ Tl T

T ?L:_n =
Ty = %fﬂf(x) cos n xdx

— %bfﬂxz cosn xdx
Use integration by parts. 0

“ ~ __  RuaaShallal Abbas



il Example

4
A, = —COSNT
n nz
4 .

ap, = —— whennisodd

n
g .

a, = — whenniseven

n2

This 1s an even function.

Therefore, », =0

The corresponding Fourier series is

T2 cos2x cos3x cosdx
COSX — + -

i 22 + 32 42

3

N

=
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Functions Having Arbitrary Period

Assume that a function has period T. We can relate angle

(@)with time(t) in the following manner:

0 = wt

o IS the angular velocity in radians per second.

w = 27t

f 1s the frequency of the periodic function, f®

Y

Ny

=
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Functions Having Arbitrary Period

1
0 =2ntft Whel‘e f= T
o 2T
— Tt
Therefore,
e 2T i 2T

_2m t:_z

0=-m L 2

_2m t—z

g A 2
~ N\

=
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Functions Having Arbitrary Period

-,
1 T T/2
a0=—j f(6)do Ay = = f(t)dt
T SR ~T/2
1 (™ T/2 27N
a, = —j f@)cosnBdd n=12,-- " ap= T f(@) COS(Tt)dt n=12--
TJ)_, ~T/2
1 (™ D/Z _ 2mn
b = Ef f(@)sinnfdd n=12... —> by= T —T/zf(t) sm(T t)ydt n=12,--
[
\/
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Example
“
Find the Fourier series of the following periodic function.

f(t) {
o
2

f) =t When—z<t<z ——t+z i Z<t<3—T
. e, & a2 2 4=~ 4 D
-/

fe+T) = f(t)
e
./  RuaaShallal Abbas



Example

This 1s an odd function. Therefore, a, =0

T
Pl ; jo [0 sin(? t)dt

T/2

b it (t) si 27mtdt
=g fOsin0)

b —4JT/41:' =S 4JT/2 R

Use integration by parts.

N

=
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Example

T 2_ nm 2T  (nm
s 21N SH](ET) ==n2nzsn1<3?)

b, =0 When n IS even.

4
bn=7

Therefore, the Fourier series IS

e (27T 1 [ér 1  [(10m
;Esnn 7:t ——§5$n 7;1’-+ggsnl-jf—t — e

N

=
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The Complex Form of Fourier Series

@) =ay+ a, cosnf + b, sinn 6
et us utilize the Euler formulae.
el? + 710
cosf = >
_ el0 —e=J8
sinf = >
o/
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The Complex Form of Fourier Series

The nth harmonic component of (1) can be expressed as:

a,cosnf + b,sinnf

eJnf 4 o—jnb b eJn8 _ o,—jné
=0l + -
& 2 L 2i

eJn0 4 o—Jjnod eJn8 _ o—jn8
2

b (an _jbn) ejn9 i (an +jbn> e—jn@
R 2

=

-4
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The Complex Form of Fourier Series

-,
Denoting
g | an — jby Pty an + jby
1 — 2 ’ —-n 2
and Co = Qo

a,cosnf + b, sinnb

= ¢ ) N R AL

.
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The Complex Form of Fourier Series

The Fourier series for () can be expressed as:

f(8) =cy+ z:(cnej”‘9 + c_pe™I"9)
n=1

(00}

n=-—oo

The coefficients can be evaluated in the following manner.

__<an'_jbn>
Ch = 5

TP iR
— Ej_ﬂf(g) cosn 6d6 —%er(e) sinn 6d6

=
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 The Complex Form of Fourier Series

— %Jrnf(e)(cosne — jsinn8)do

=

bl rﬂf(@)e—fn@de

—Is

an + jby
(Gt — >

s i (=
=Ef_nf(0) cosn9d9+%£nf(9)sinn9d9

1 T
=—j f(@)(cosnB + jsinn6)do
75150

—| " F(@)emtas 4
= = e
i
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The Complex Form of Fourier Series

N Co h an — jby an + jby
Colles 2 Ch = > GV = >

Note that . IS the complex conjugate of . Hence we may write that

g el :
i —jné 1 2T oy

The complex form of the Fourier series of /(® with period 2= Is:

(00}

)= D coel™

‘nN=—o00 =
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\ Example by

Using Ebmplex form, find the Fourier series of the function

-1 —-mw1<6<0 e
i
1 0<<f<m
SOI T 0 vy
1 1 1 0 -
=g [fla)do— [ftl)dwfdm} = [, + =]
T T 0
T . 0 T
1 . . .
- inr — o mnI 1T
Cn = 5 /f[:r)e dz 2?7[[( 1)e d$+/e dm]
T T 0
, 0 , T
1 (E’ m:a:)l (Eﬂ m:a:)lﬂ ;
— | _ T — — (1 — &7 ,inT g
27T l —1in i —1in 2mn [ ( © ) e ] o/
’i . . ’E E-l"-ﬂTr 1Le inm ?
= — | : " — 2 = — 1 — — -
S e +e ] — [ 5 — [cosnm — 1] J

1
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