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Fourier series

1. Even Functions

q

f(q)The value of the function

would be the same when we

walk equal distances along

the X-axis in opposite

directions.

𝑓 −𝜃 = 𝑓 𝜃

Mathematically speaking :
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2. Odd Functions

The value of the function

would change its sign but with

the same magnitude when we

walk equal distances along the

X-axis in opposite directions.

𝑓 −𝜃 = −𝑓 𝜃

Mathematically speaking :

q

f(q)

Fourier series
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Even functions can solely be represented by cosine waves 

because, cosine waves are even functions.  A sum of even 

functions is another even function.
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Fourier series
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Odd functions can solely be represented by sine waves

because, sine waves are odd functions. A sum of odd

functions is another odd function.
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The Fourier series of an even function 𝒇 𝜽

is expressed in terms of a cosine series. 

𝒇 𝜽 = 𝒂𝟎 +

𝒏=𝟏

∞

𝒂𝒏 𝐜𝐨𝐬𝒏𝜽

The Fourier series of an odd function 𝒇 𝜽

is expressed in terms of a sine series. 

𝒇 𝜽 = 

𝒏=𝟏

∞

𝒃𝒏 𝐬𝐢𝐧𝒏𝜽

Fourier series
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Find the Fourier series of the following periodic function. 

𝑓 𝜃 + 2𝜋 = 𝑓 𝜃

x

f(x)

-p p 3p 5p 7p 9p0

𝑓 𝑥 = 𝑥2 𝑤ℎ𝑒𝑛 − 𝜋 ≤ 𝑥 ≤ 𝜋

Example
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Sol:

𝑎0 =
1

2𝜋
න
−𝜋

𝜋

𝑓 𝑥 𝑑𝑥 =
1

2𝜋
න
−𝜋

𝜋

𝑥2 𝑑𝑥

=
1

2𝜋

𝑥3

3
𝑥=−𝜋

𝑥=𝜋

=
𝜋2

3

𝑎𝑛 =
1

𝜋
න
−𝜋

𝜋

𝑓 𝑥 cos 𝑛 𝑥𝑑𝑥

=
1

𝜋
න
−𝜋

𝜋

𝑥2 cos 𝑛 𝑥𝑑𝑥

Use integration by parts.  

Example
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𝑎𝑛 =
4

𝑛2
cos 𝑛 𝜋

𝑎𝑛 = −
4

𝑛2
when n is odd

𝑎𝑛 =
4

𝑛2
when n is even

This is an even function.  

Therefore, 𝑏𝑛 = 0

The corresponding Fourier series is 

𝜋2

3
− 4 cos 𝑥 −

cos 2 𝑥

22
+
cos 3 𝑥

32
−
cos 4 𝑥

42
+⋯

Example
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Functions Having Arbitrary Period

Assume that a function   has period T. We can relate angle 

(𝜃)with time(t) in the following manner:

𝛉 = 𝛚𝐭

𝛚 is the angular velocity in radians per second.

𝛚 = 𝟐𝛑𝐟

f is the frequency of the periodic function, 𝒇 𝒕
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𝜽 = 𝟐𝝅𝒇𝒕 𝒇 =
𝟏

𝑻
where

𝜽 =
𝟐𝝅

𝑻
𝒕

Therefore,

𝜽 =
𝟐𝝅

𝑻
𝒕 𝒅𝜽 =

𝟐𝝅

𝑻
𝒅𝒕

Now change the limits of integration.

𝜽 = −𝝅
𝒕 = −

𝑻

𝟐−𝝅 =
𝟐𝝅

𝑻
𝒕

𝜽 = 𝝅 𝒕 =
𝑻

𝟐
𝝅 =

𝟐𝝅

𝑻
𝒕

Functions Having Arbitrary Period
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𝑎0 =
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 𝑑𝜃 𝑎0 =
1

𝑇
න
−𝑇/2

𝑇/2

𝑓 𝑡 𝑑𝑡

𝑎𝑛 =
1

𝜋
න
−𝜋

𝜋

𝑓 𝜃 cos 𝑛 𝜃𝑑𝜃 𝑛 = 1,2,⋯ 𝑎𝑛 =
2

𝑇
න
−𝑇/2

𝑇/2

𝑓 𝑡 cos(
2𝜋𝑛

𝑇
𝑡)𝑑𝑡 𝑛 = 1,2,⋯

𝑏𝑛 =
1

𝜋
න
−𝜋

𝜋

𝑓 𝜃 sin 𝑛 𝜃𝑑𝜃 𝑛 = 1,2,⋯ 𝑏𝑛 =
2

𝑇
න
−𝑇/2

𝑇/2

𝑓 𝑡 sin(
2𝜋𝑛

𝑇
𝑡)𝑑𝑡 𝑛 = 1,2,⋯

Functions Having Arbitrary Period
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Find the Fourier series of the following periodic function. 

0 t

T/2

f(t)

T/4

3T/4

T-T/2 2T

𝑓 𝑡 = 𝑡 𝑤ℎ𝑒𝑛 −
𝑇

4
≤ 𝑡 ≤

𝑇

4
= −𝑡 +

𝑇

2
𝑤ℎ𝑒𝑛

𝑇

4
≤ 𝑡 ≤

3𝑇

4

Example

𝑓 𝑡 + 𝑇 = 𝑓 𝑡
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This is an odd function. Therefore, 𝒂𝒏 = 𝟎

𝑏𝑛 =
2

𝑇
න
0

𝑇

𝑓 𝑡 sin(
2𝜋𝑛

𝑇
𝑡)𝑑𝑡

𝑏𝑛 =
4

𝑇
න
0

𝑇/2

𝑓 𝑡 sin(
2𝜋𝑛

𝑇
𝑡)𝑑𝑡

𝑏𝑛 =
4

𝑇
න
0

𝑇/4

𝑡 sin(
2𝜋𝑛

𝑇
𝑡)𝑑𝑡 +

4

𝑇
න
𝑇/4

𝑇/2

(−𝑡 +
𝑇

2
) sin(

2𝜋𝑛

𝑇
𝑡)𝑑𝑡

Use integration by parts.

Example
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𝑏𝑛 =
4

𝑇
2.

𝑇

2𝜋𝑛

2

sin
𝑛𝜋

2
=

2𝑇

𝑛2𝜋2
sin

𝑛𝜋

2

𝑏𝑛 = 0 when n is even.

Therefore, the Fourier series is

2𝑇

𝜋2
sin

2𝜋

𝑇
𝑡 −

1

32
sin

6𝜋

𝑇
𝑡 +

1

52
sin

10𝜋

𝑇
𝑡 − ⋯

Example
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The Complex Form of Fourier Series

𝑓 𝜃 = 𝑎0 +

𝑛=1

∞

𝑎𝑛 cos 𝑛 𝜃 +

𝑛=1

∞

𝑏𝑛 sin 𝑛 𝜃

Let us utilize the Euler formulae.

cos 𝜃 =
𝑒𝑗𝜃 + 𝑒−𝑗𝜃

2

sin 𝜃 =
𝑒𝑗𝜃 − 𝑒−𝑗𝜃

2𝑖
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The 𝒏th harmonic component of (1) can be expressed as:

𝑎𝑛 cos 𝑛 𝜃 + 𝑏𝑛 sin 𝑛 𝜃

= 𝑎𝑛
𝑒𝑗𝑛𝜃 + 𝑒−𝑗𝑛𝜃

2
+ 𝑏𝑛

𝑒𝑗𝑛𝜃 − 𝑒−𝑗𝑛𝜃

2𝑖

= 𝑎𝑛
𝑒𝑗𝑛𝜃 + 𝑒−𝑗𝑛𝜃

2
− 𝑖𝑏𝑛

𝑒𝑗𝑛𝜃 − 𝑒−𝑗𝑛𝜃

2

=
𝑎𝑛 − 𝑗𝑏𝑛

2
𝑒𝑗𝑛𝜃 +

𝑎𝑛 + 𝑗𝑏𝑛
2

𝑒−𝑗𝑛𝜃

The Complex Form of Fourier Series
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Denoting

𝑐𝑛 =
𝑎𝑛 − 𝑗𝑏𝑛

2
𝑐−𝑛 =

𝑎𝑛 + 𝑗𝑏𝑛
2,

and 𝑐0 = 𝑎0

𝑎𝑛 cos 𝑛 𝜃 + 𝑏𝑛 sin 𝑛 𝜃

= 𝑐𝑛𝑒
𝑗𝑛𝜃 + 𝑐−𝑛𝑒

−𝑗𝑛𝜃

The Complex Form of Fourier Series
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The Fourier series for 𝑓 𝜃 can be expressed as:

𝑓 𝜃 = 𝑐0 +

𝑛=1

∞

𝑐𝑛𝑒
𝑗𝑛𝜃 + 𝑐−𝑛𝑒

−𝑗𝑛𝜃

= 

𝑛=−∞

∞

𝑐𝑛𝑒
𝑗𝑛𝜃

The coefficients can be evaluated in the following manner.

𝑐𝑛 =
𝑎𝑛 − 𝑗𝑏𝑛

2

=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 cos 𝑛 𝜃𝑑𝜃 −
𝑗

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 sin 𝑛 𝜃𝑑𝜃

The Complex Form of Fourier Series
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=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 cos 𝑛 𝜃 − 𝑗 sin 𝑛 𝜃 𝑑𝜃

=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 𝑒−𝑗𝑛𝜃𝑑𝜃

𝑐−𝑛 =
𝑎𝑛 + 𝑗𝑏𝑛

2

=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 cos 𝑛 𝜃𝑑𝜃 +
𝑗

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 sin 𝑛 𝜃𝑑𝜃

=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 cos 𝑛 𝜃 + 𝑗 sin 𝑛 𝜃 𝑑𝜃

=
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 𝑒𝑗𝑛𝜃𝑑𝜃

The Complex Form of Fourier Series
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.

𝑐𝑛 =
𝑎𝑛 − 𝑗𝑏𝑛

2
𝑐−𝑛 =

𝑎𝑛 + 𝑗𝑏𝑛
2

𝑐−𝑛 𝑐𝑛Note that is the complex conjugate of . Hence we may write that

𝑐𝑛 =
1

2𝜋
න
−𝜋

𝜋

𝑓 𝜃 𝑒−𝑗𝑛𝜃𝑑𝜃 𝑛 = 0, ±1, ±2, ⋯

The complex form of the Fourier series of 𝑓 𝜃 2𝜋with period is:

𝑓 𝜃 = 

𝑛=−∞

∞

𝑐𝑛𝑒
𝑗𝑛𝜃

The Complex Form of Fourier Series

𝑐0 =
𝑎0
2

𝐶𝑛 = 
1

2𝜋
0
2𝜋
𝑓 𝑥 . 𝑒−𝑖𝑛𝑥𝑑𝑥or
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Using complex form, find the Fourier series of the function
−1 − 𝜋 < 𝜃 < 0

𝑓 𝜃 =
1 0 < 𝜃 < 𝜋

Example

Sol:
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