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Z-TRANSFORM

d The z-transform converts a discrete-time signal, which is a sequence of real or complex
numbers, into a complex frequency-domain. It is a very important tool in describing and
analyzing digital systems. It also offers the techniques for digital filter design and
frequency analysis of digital signals.

1 The z-transform of a sequence x(n), designated by X(z) or Z(x(n)), is defined as:

X(2) =2(x() = ) xmz"

U Where, z is the complex variable, n is an integer time index.

\W Yy W ?'t-\nAE
Z=Y '>e s Z=71(cosw + jSinw)

W 2 Aﬂrj\'t oV PM(

O X2)=-+x(-Dz' +x(0)z7° + x(1)z71 + x(2)z72 + ---

Ruaa Shallal Anooz



Z-TRANSFORM

(1 When x(n) is defined for n>0,i.e. causal, one sided Z transform is given by:
X(z) =Z(x(n)) = z x(n)z ™
n=0
Region of Convergence (ROC)
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2 | d[n —mng) ; 0> 1 16| —n"a"u (1—az1)
z
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6 | —nu[-n —1] (1—=271)2 z ! sin(wp) z| > 1
- 1 =
71427 21> 1| 20 | sin(won)uln] 1 — 2271 cos(wy) + 22
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Example: Find Z-transform for the unit impulse sequence

Solution:

o0
X(7) = Z Sinlz"=7"=1. ROC: Allz

R=—0O0

Example: Find the Z-transform of the signal shown below:




Example: Find the Z-transform of the second order recursive filter, given:

' cos(won) n>0
h[n] = { 0 otherwise

Solution:
glWe 4 g~IWen

H(z) = Z r"cos (Won)z™ = Z ™ > z "

ﬂ:ﬂm . n=0 |

1 _ _ P

=3 [Z:(ref “’ﬂz‘l)n + Z(m-i% z 1 )E] _1 L 1 . 1 ]I i
=0 n=0 211 —re/Wez=? 1 —reJWoz™1
1| 1—re Mozt +1 4 re/Moz ™t 1 —rcos(wy)z™?

2|1 —reiwez—1)(1 — re-i™oz 1) 1 2recos(wy)z™* +riz2




Z-Transform Properties
1) Linearity
Ax,[n]+ B x,[n] «— AX,|z] + BX,|z]
2) Time-shifting
x[n—a) «— X(2)z™°
3) Convolution
x; [n]@x;[n] «— X, [z].X,[Z]
4) Differentiation
dX(z)

az
S) Multiplication by an exponential sequence:

a"x[n] = X (E)

-l

nx[n] < (—2)
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Example: Determine the Z-transform of the sequence given by: y[n] = (n+1) o” u[n]
Solution:

y(n) = a™u[n] + na"un]

1 z
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1—az! z—a«
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T azt ¢ E)d!zl az1

1 az™ ! 1

.. Y(z)=

1—az" {1 - ﬂz—ijz (1—az"1)"




